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Abstract. We consider infinitely renormaUzable Lorenz maps with real crit- 
ical exponent q > 1 and combinatorial type which is monotone and satisfies 
a long return condition. For these combinatorial types we prove the exis- 
tence of periodic points of the renormalization operator, and that each map 
in the limit set of renormalization has an associated unstable manifold. An 
unstable manifold defines a family of Lorenz maps and we prove that each 
infinitely renormalizable combinatorial type (satisfying the above conditions) 
has a unique representative within such a family. We also prove that each 
infinitely renormalizable map has no wandering intervals and that the closure 
of the forward orbits of its critical values is a Cantor attractor of measure zero. 



1. Introduction 

Flows in three and higher dimensions can exhibit chaotic behavior and are far 
from being classified. Understanding higher dimensional flows is important since 
these have ties to physical systems, or at least simplifications thereof. The sim- 
plest example is that of the Lorenz equations. This three-dimensional flow is an 
approximate model for a convection flow in a box. In this paper we study geomet- 
ric Lorenz flows since this class: (1) exhibits a wide range of dynamically complex 
behavior, (2) is "large" as a subset in the set of three-dimensional flows (in partic- 
ular, it is open), and (3) is intimately connected with the Lorenz equations and as 
such has a physical significancej^ We will describe the dynamics of individual infin- 
itely renormalizable geometric Lorenz flows as well as the structure of the class of 
these infinitely renormalizable geometric Lorenz flows. The precise renormalization 
structure will be discussed later. 

Recall that a geometric Lorenz flow is a flow whose associated vector field has 
a singularity of saddle type with a two-dimensional stable manifold and one- 
dimensional unstable manifold. The global dynamics of the flow should be such that 
there exists a two-dimensional transverse section S to the stable manifold which is 
divided into two components by the stable manifold and such that the first-return 
map F : S\ W — > 5 is well-defined (points on can never return as they end 
up on the saddle point which is why F is undefined on W^). The final condition is 
that 5' has a smooth i^-invariant foliation whose leaves are exponentially contracted 
hjF. 

Under the above conditions _F is a well-defined map on the leaves of the invariant 
foliation and by taking a quotient over leaves we get an interval map / : /\{c} — >■ /, 



Date: March 3, 2013. 

^The reason why we consider geometric Lorenz flows instead of the Lorenz equations is that 
first-return maps of geometric flows automatically have nice properties, whereas for the Lorenz 
equations we would have to prove that such first-return maps exist, which is hard. 
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where / C M and c corresponds to the stable manifold. Such a map is called a Lorenz 
map. Let L and R be the left and right components of / \ {c}, respectively. From 
the construction of / it follows that /|l is equal to — |a;|" in a left neighborhood 
of up to a rescaling of the domain and range, and flu is equal to in a right 
neighborhood of 0, again up to a rescaling of the domain and range. The parameter 
a > is the critical exponent which by construction equals the absolute value of 
the ratio between the weak stable eigenvalue and the unstable eigenvalue of the 
saddle point of the flow. Note in particular that there is no "preferred" value for a, 
for example it is not an integer generically, it really is just an arbitrary (positive) 
real number. The expanding case a < I has been studied extensively elsewhere; we 
will consider the significantly harder case a > 1 where there is a delicate interplay 
between both expansion and contraction. 

A Lorenz map is renormalizable if there exists an open interval around the critical 
point on which the first-return map is again a Lorenz map and the operator which 
takes a map to its first-return map is called a renormalization operator. The critical 
point divides the return interval into two halves, the forward orbits of which deter- 
mine the combinatorial type of the renormalization. For example, the type (01, 100) 
encodes that the left half (01) is mapped to the right of the critical point (01) and 
then returns, whereas the right half (100) is first mapped to the left of the critical 
point (100) and then left again (100) before it returns. We will consider infinitely 
renormalizable maps (i.e. maps with a full forward orbit under the renormaliza- 
tion operator) of monotone type (i.e. types of the form (01 • • • 1, 10 • • • 0)) where the 
number of steps taken to return is much larger for one half of the return interval 
than it is for the other half (the precise condition can be found in Section |4]). It is 
very difficult to deal with arbitrary combinatorial types, so we had to make some 
restrictions in order to make any progress. 

The main part of this study relates to the hyperbolic properties of the renor- 
malization operator and shows in particular that this operator has an expanding 
invariant cone-field on a renormalization invariant domain. This implies that each 
monotone Lorenz family (see Section 11 ) has a unique representative for every infin- 
itely renormalizable combinatorial type, see Theorem 11.4 Contrast this with the 
important result of monotonicity of entropy for families of unimodal maps which 
essentially states that every nonperiodic kneading sequence is realized by a unique 
map in the family. 

We also show that every point in the limit set of the renormalization operator has 
an associated unstable manifold and that the intersection of an unstable manifold 



and the set of infinitely renormalizable maps is a Cantor set, see Theorem 12.5 We 



believe the unstable manifolds to be two-dimensional, but are only able to show 
that their dimension is at least two. 

Regarding the topological properties of the renormalization operator we show 
that there exists a periodic point of the renormalization operator for every periodic 
combinatorial type, see Theorem |6.1[ 

The main conclusion for the dynamics of an individual infinitely renormalizable 
Lorenz map is the absence of wandering intervals: two Lorenz maps of the same 
infinite renormalization type are topologically conjugated. We prove this result by 
showing that infinitely renormalizable maps satisfy the weak Markov property of 



Martens 1994 and hence cannot have a wandering interval, see Theorems 3.10 



and 5.2 This is the first nonwandering interval result for Lorenz maps. The 
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nonexistence of wandering intervals for general Lorenz maps is still wide open and 
deserves attention. 

We also prove that the closure of the orbits of the critical points of an infinitely 
renormalizable map is a Cantor attractor of zero Lebesgue measure, see Theo- 
rem [5?3l 

Finally, let us briefly discuss the techniques employed in the proofs. The general 
idea is that by making one return time large we get a first-return map which is 
essentially up to scaling by maps which are close to being affine. This allows 
us to explicitly calculate an almost invariant set of the renormalization operator. 
This is done in Section |4] which is the first major part of this paper. After this 
hurdle we are able to prove properties of individual infinitely renormalizable maps 
(no wandering intervals. Cantor attractor, periodic points of renormalization) in 
Sections [5] and HI 

The second major part is calculating the derivative of the renormalization opera- 
tor on a neighborhood of the limit set of renormalization. This is done in Section [9] 
However, calculating the derivative of the renormalization operator defined on inter- 
val maps is rather hopeless so we need a better representation of the domain of the 
renormalization operator. The representation we choose are the so-called decom- 
positions which are families of diffeomorphisms parametrized by ordered countable 
sets (see Section [?]). The renormalization operator is semi-conjugate to an operator 
on (essentially) a space of decompositions. There are two main reasons why the 
derivative of this operator is easier to compute: (1) the limit set is essentially a 



Hilbert cube (see Proposition 8.8 1, and (2) deformations in any of the countably 
many directions are monotone in a sense explained in Section |9] The first point 
means that the derivative is just an infinite matrix and the second allows us to 
calculate just a few partial derivatives and then make sweeping estimates for the 
remaining (countably infinite) directions. 

After having computed the derivative we are able to construct an invariant cone 
field in Section [TO] A by-product of the derivative calculations is that the derivative 
is orientation-preserving in the unstable direction and using this together with the 
invariant cone field we are able to prove the association of each combinatorial type 



with a unique representative of a monotone family of maps in Section 11 The 



invariant cone-field also implies the existence of unstable manifolds in the limit set 
of renormalization, see Section |12[ 

As a closing remark we point out that in order to deal with arbitrary critical 
exponents a > 1 we had to invent real analytic methods. To our knowledge, this 
work is the first to analyze the hyperbolic structure of the limit of renormalization 
for arbitrary critical exponents. 
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Figure 1. Illustration of the graph of a (01, 1000)-renornializable 
Lorenz map. 



2. The renormalization operator 

In this section we define the renormalization operator on Lorenz maps and in- 
troduce notation that will be used throughout. 

Definition 2.1. The standard Lorenz family {u,v,c) i-^ Q{x) is defined by 

ifa;e[0,c), 
if X e (c, 1], 



(1) 



Qix) 




-1 



x—c 
1-c 



where u € [0, 1], u G [0, 1], c e (0, 1), and a > 1. The parameter a is called the 
critical exponent and will be fixed once and for all. 

Remark 2.2. The parameters (w,t),c) are chosen so that: (i) u is the length of the 
image of [0, c), (ii) v is the length of the image of (c, 1], (iii) c is the critical point 
(which is the same as the point of discontinuity). Note that u and 1 ~ v are the 
critical values of Q. 

Definition 2.3. A C'^-Lorenz map / on [0, l]\{c} is any map which can be written 



as 



(2) 



(p o Q{x), if a; e [0, c), 
i/' o Q{x), if a: e (c, 1], 



where 0, V' G ^re orientation-preserving C'^-diffeomorphisms on [0, 1], called the 
diffeomorphic parts of /. See Figure [l] for an illustration of a Lorenz map. The set 
of C'^-Lorenz maps is denoted £'^; the subset C denotes the Lorenz maps 
with negative Schwarzian derivative (see Appendix [C] for more information on the 
Schwarzian derivative) . 
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A Lorenz map has two critical values which we denote 
Ci — lini/(a;) and — lim/(x). 




li < c < Ci then / is nontrivial, otherwise all points converge to some fixed 
point under iteration and for this reason / is called trivial. Unless otherwise noted, 
we will always assume all maps to be nontrivial. 
We make the identification 



according to Q. For k > 2 this identification turns C'' into a subset of the Banach 
space M.^ x V x . Here is endowed with the Banach space structure of C^^'^ 
via the nonlinearity operator. In particular, this turns into a metric space. For 
< 2 we turn into a metric space by using the usual metric on T)'^ . See 
Appendix |b] for more information on the Banach space V'^ . 

Remark 2.4. It may be worth emphasizing that for fc > 2 we are not using the linear 
structure induced from C*^ on the diffeomorphisms . Explicitly, if 0, G and 
N denotes the nonlinearity operator, then 



II^IId'' = \\N<t)\\c>'-2. 

We call this norm on T)^ the C*^"^ -nonlinearity norm. The nonlinearity operator 
N : T)^ — > C^^"^ is a bijection and is defined by 

N(l){x) ^ D\ogD(j){x). 



We now define the renormalization operator for Lorenz maps. 

Definition 2.5. A Lorenz map / is renormalizable if there exists an interval 
C C [0, 1] (properly containing c) such that the first-return map to C is affinely 
conjugate to a nontrivial Lorenz map. Choose C so that it is maximal with re- 
spect to these properties. The first-return map affinely rescaled to [0, 1] is called 
the renormalization of / and is denoted TZf . The operator TZ which sends / to its 
renormalization is called the renormalization operator. 

Explicitly, if / is renormalizable then there exist minimal positive integers a 
and b such that the first return map / to C is given by 



where L and R are the left and right components of C \ {c}, respectively. The 
renormalization of / is defined by 




acjj + bi)^ N-^ {aN(j) + hNif:) , 



Va, 6 e M, 



and 



See Appendix [B] for more details on the nonlinearity operator. 




xe[Q,\\\{h-\c)}, 



where : [0, 1] — > C is the affine orientation-preserving map taking [0, 1] to C. Note 
that C is chosen maximal so that TZf is uniquely defined. 
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Figure 2. Illustration of the dynamical intervals of a Lorenz map 
which is w-renormalizable, with a; = (Oil, 100000), a = 2, 6 = 5. 



Remark 2.6. We would like to emphasize that the renormalization is assumed to 
be a nontrivial Lorenz map. It is possible to define the renormalization operator 
for maps whose renormalization is trivial but we choose not to include these in our 
definition. Such maps can be thought of as degenerate and including them makes 
some arguments more difficult which is why we choose to exclude them. 

Next, we wish to describe the combinatorial information encoded in a renormal- 
izable map. 

Definition 2.7. A branch of /" is a maximal open interval B on which /" is 
monotone (here maximality means that if A is an open interval which properly 
contains B, then is not monotone on A). 

To each branch B of /" we associate a word w{B) = (To ■ • • <^n-i on symbols 
{0,1} by 

^ ^ fo if P"(B) C (0,c), 
\\ if/nS)c(c,l), 

for J = 0, . . . , n — 1. 

De finit ion 2.8. Assume / is renormalizable and let a, 6, L and R be as in Defini- 
The forward orbits of L and R induce a pair of words u — {'w{L),w{R)) 



2.5 



tion 

called the type of renormalization, where L is the branch of /"^^ containing L 
and R is the branch of f^~^^ containing R. In this situation we say that / is 
w-renormalizable. See Figure [2] for an illustration of these definitions. 

Let uj ~ {ujq,lui, . . .). If TZ" f is a;„ -renormalizable for n — 0, 1, ... , then we 
say that / is infinitely renormalizable and that / has combinatorial type w. If 
the length of both words of uJk is uniformly bounded in fc, then / is said to have 
bounded combinatorial type. 

The set of w-renormalizable Lorenz maps is denoted Ci^ . We will use variations 
of this notation as well; for uj = (wq, . . . , we let Cq denote the set of Lorenz 

maps / such that TZ^f is Wi~renormalizable, for i = 0, . . . ,7i — 1, and similarly if 
n = oo. Furthermore, if is a set of types of renormalization, then denotes the 
set of Lorenz maps which are w-renormalizable for some to € fl. 

We will almost exclusively restrict our attention to monotone combinatorics, that 
is renormalizations of type 

a b 

Lo ^ (oT'^,10^^). 

In what follows we will need to know how the five-tuple representation of a 
Lorenz map changes under renormalization. It is not difficult to write down the 
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formula for any type of renormalization but it becomes a bit messy so we restrict 
ourselves to monotone combinatorics. However, first we need to introduce the zoom 
operator. 

Definition 2.9. The zoom operator Z takes a diffeomorphism and rescales it 
affinely to a diffeomorphism on [0, 1]. Explicitly, let g be a map and / an interval 
such that g\i is an orientation-preserving diffeomorphism. Define 

Z{g\l) = Cg(/) 0.90 C/, 

where Ca • [0, f ] ^ A is the orientation-preserving affine map which takes [0, 1] 
onto A. See Appendix [B] for more information on zoom operators. 



Remark 2.10. The terminology "zoom operator" is taken from Martens 1998 , but 
our definition is somewhat simpler since we only deal with orientation-preserving 
diffeomorphisms. We will use the words 'rescale' and 'zoom' synonymously. 

Lemma 2.11. If f = {u,v,c,(I)t'iI') renormalizable of monotone combinatorics, 
then 

7^/ = (u',7;^c^0^v') 

is given by 

,_\Q{L)\ , _ \Q{R)\ ,_\L\_ 

\U\ ' \V\ ' ' \C\' 

0' = Z(/f o0;C/), ^' = Zif^o^;V), 

where U ^ (f)-^ o /^"(C) and V ^ tp-'^ o fg^C). 

Proof. This follows from two properties of zoom operators: (i) the map q{x) — 
on [0, 1] is 'fixed' under zooming on intervals adjacent to the critical point, that 
is Z{q;{0,t)) = q ioi t E (0,1) (technically speaking we have not defined Z in 
this situation, but applying the formula for Z will give this result), and (ii) zoom 
operators satisfy Z{h o g;I) = Z{h; g{I)) o Z{g] I). □ 

Notation. The notation introduced in this section will be used repeatedly through- 
out. Here is a quick summary. 

A Lorenz map is denoted either / or (m, c, 0, ■0) and these two notations are 
used interchangeably. Sometimes we write /o or /i to specify that we are talking 
about the left or right branch of /, respectively. Similarly, when talking about the 
inverse branches of /, we write f^^ and /f ^. The subscript notation is also used 
for the standard family Q (so Qo denotes the left branch, etc.). 

A Lorenz map has one critical point c and two critical values which we denote 

= \iuYxi;c f{x) and c^ = \iuix^cf{x). The critical exponent is denoted a and is 
always assumed to be fixed to some a > 1. 

In general we use primes for variables associated with the renormalization of /. 
For example (u', u', c', </)', -0') = T^f ■ Sometimes we use parentheses instead of 
primes, for example Ci{TZf) denotes the left critical value oiTZf. In order to avoid 
confusion, we try to use D consistently to denote derivative instead of using primes. 

With a renormalizable / we associate a return interval C such that C \ {c} has 
two components which we denote L and R. We use the notation a + 1 and b + 1 
to denote the return times of the first-return map to C from L and R, respectively. 
The letters U and V are reserved to denote the pull-backs of C as in Lemma [2.11| 
We let C/i = </)([/), = r(C/i) for z = 1, . . . , a, and V, = V(^), ^j+i - P (Vi) 
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for j ~ 1, . . . ,b (note that Ua+i = C — H+i)- We call {Ui} and {V,} the cycles of 
renormalization. 

3. Generalized renormalization 
In this section we adapt the idea of generalized renormalization introduced 



by Martens 1994 . The central concept is the weak Markov property which is 
related to the distortion of the monotone branches of iterates of a map. 

Definition 3.1. An interval C is called a nice interval of / if: (i) C is open, 
(ii) the critical point of / is contained in C, and (iii) the orbit of the boundary of C 
is disjoint from C . 

Remark 3.2. A 'nice interval' is analogous to a 'nice point' for unimodal maps 
[see Martens 19941. The difference is that for unimodal maps one point suffices 



to define an interval around the critical point (the 'other' boundary point is a 
preimage of the first), whereas for Lorenz maps the boundary points of a nice 
interval are independent. The term 'nice' is perhaps a bit vague but its use has 
become established by now. 

Definition 3.3. Fix / and a nice interval C. The transfer map to C induced by /, 

T: U r"(C)->C, 

n>0 

is defined by T{x) = f'^'^^^x), where 

r: y /-"(C) 

n>0 

is the transfer time to C; that is t{x) is the smallest nonnegative integer n such 
that P{x) e C. 

Remark 3.4. Note that: (i) the domain of T is open, since C is open by assumption, 
and f~^{U) is open if U is open (even if U contains a critical value), since the point 
of discontinuity of / is not in the domain of /, (ii) T is defined on C and T\c equals 
the identity map on C. 

Proposition 3.5. Let T be the transfer map of f to a nice interval C . If I is a 
component of the domain ofT, then t\i is constant and I is mapped monotonically 
onto C by f^'-'l Furthermore /, /(/), . . . , f^'-'Hl) are pairwise disjoint. 

Remark 3.6. This means in particular that the components of the domain of T are 
the same as the branches of T. In what follows we will use the terminology "a 
branch of T" interchangeably with "a component of the domain of T" . 

Proof. If / = C then the proposition is trivial since T\c is the identity map on C, 
so assume that I ^ C. 

Pick some x € I and let n = t{x). Note that n > since I ^ C. We claim 
that the branch B of /" containing x is mapped over C. From this it immediately 
follows that t\i = n and /"(/) = C. 

Since /"|_b is monotone and f{x) G C it suffices to show that f"'{dB) n C = 0. 
To this end, let y S dB. Then there exists < i < n such that /'(j/) € {0, c, 1}. 

If Piv) G {0; 1} then we are done, since these points are fixed by /. 

So assume that f^{y) — c and let J = {x,y). Then /*(J) H dC ^ since 
/'(a;) ^ C by minimahty of t{x). Consequently /"(y) ^ C, otherwise f^{J) C C 
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which would imply /"^*(i9C) n C 7^ 0. But this is impossible since C is nice and 
hence the claim follows. 

From t(/) = n it follows that f^{I) are pairwise disjoint. Suppose not, 

then J = /*(/) n /-' (/) is nonempty for some < i < j < n. But then the transfer 
time on / n /^*(J) is at most i + (n ~ j) which is strictly smaller than n, and this 
contradicts the fact that t{I) = n. □ 

Proposition 3.7. Assume that f has no periodic attractors and that Sf < 0. 
Let T he the transfer map of f to a nice interval C . Then the complement of the 
domain of T is a compact, f -invariant and hyperbolic set (and consequently it has 
zero Lehesgue measure). 

Proof. Let U = domT and let T = [0, 1] \ U. 

Since U is open T is closed and hence compact (since it is obviously bounded). 
By definition f~'^[U) C U which implies f{T) C T. 

We can characterize F as the set of points x such that /"(x) ^ C for all n > 0. 
Since Sf < it follows that / cannot have nonhyperbolic periodic points in F 



^Misiurewicz 1981 Theo rem 1.3] and by assump t ion / has no periodic attractors 
so F must be hyperbolic de Melo and van Strien[|l993| Theorem in.3.2]Q 



Finally, it is well known that a compact, invariant and hyperbolic set h as zero 
Lebesgue measure if / is at least (Ji+Hoider Melo and van Strien [l993[ Theo- 



rem III. 2. 6] .121 □ 

Definition 3.8. A map / is said to satisfy the weak Markov property if there 
exists a ^ > and a nested sequence of nice intervals Ci D C2 D • ■ ■ , such that C„ 
contains a J-scaled neighborhood of C„+i and such that the transfer map to C„ is 
defined almost everywhere, for every n > 0. 

Remark 3.9. If / C J are two intervals, then J is said to contain a (5-scaled neigh- 
borhood of / if J \ / consists of two components Jq and /i, and if > 5\I\ for 
fc = 0, 1. 



The relevance of this property in Definition 3.8 is that it can be used in conjunc 



tion with the Koebe lemma to control the distortion of the transfer map to C„ . 

Theorem 3.10. /// satisfies the weak Markov property, then f has no wandering 
intervals. 

Proof. In order to reach a contradiction assume that there exists a wandering in- 
terval W which is not contained in a strictly larger wandering interval. 

Note that the orbit of W must accumulate on at least one side of c. Otherwise 
there would exist an interval / disjoint from the orbit of W with c e c\I. We could 
then modify / on / in such a way that the resulting map would be a bimodal C^- 
map with nonflat critical points and W would still be a wandering interval for the 
modified map, see Figure |3] However, such maps do not have wandering intervals 



Martens et al.l 1992 



Now let {Cfc} be the sequence of nice intervals that we get from the weak Markov 
property and let Tk denote the transfer map to Cfc. We claim that W C domT^. 
To see this, note that Z"*" {W) C\Ck ^% for some minimal n^, since the orbit of W 



^ The theorems from 



de Melo and van Strien 



1993 



that are referenced in this proof are stated 



for maps whose domain is an interval but their proofs go through, mutatis mutandis, for Lorenz 
maps. 
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Figure 3. Illustration showing why the orbit of a wandering in- 
terval must accumulate on the critical point. If / has a wandering 
interval whose orbit does not intersect some (one-sided) neighbor- 
hood / of the critical point, then by modifying f on I according to 
the gray curve we create a bimodal map with a wandering interval. 
This is impossible since bimodal maps with nonflat critical points 
do not have wandering intervals. 

accumulates on the critical point. But Ck is a nice interval, so in fact we must have 
f"k(\Y) c Ck, else there would exist x € W such that /"''(a;) € dCk and hence 
the orbit of x would never enter Ck which is impossible since W is wandering and 
its orbit accumulates on the critical point. This shows that W is contained in the 
domain of the transfer map to Ck as claimed. 

Let Bk be the component of domT^ which contains W. By Proposition |3.5| 
Tk{Bk) — Ck- From the weak Markov property we get a 5 (not depending on k) 
such that Ck contains a (5-scaled neighborhood of Ck+i- Applying the Macroscopic 
Koebe lemma we can pull this space back to get that Bk contains a (^'-scaled 
neighborhood of Bk+i, where 6' only depends on S. 

Now let B — f]Bk- By the above Bk contains a J'-scaled neighborhood of 
W for every k, hence B strictly contains W. By Proposition |3.5| the collection 
{/'(-^fe)}r=o pairwise disjoint for every k. Thus _B is a wandering interval which 
strictly contains the wandering interval W (note that — ^ oo since \Ck \ — >■ 0). This 
contradicts the maximality of W and hence / cannot have wandering intervals. □ 

Theorem 3.11. /// satisfies the weak Markov property, then f is ergodic. 

Proof. In order to reach a contradiction, assume that there exist two invariant sets 
X and Y such that \X\ > 0, |F| > and |X n F] = 0. Let {Ck} be the sequence 
of nice intervals that we get from the weak Markov property. We claim that 



Thus we arrive at a contradiction since this shows that |X n F| > 0. 

Let Tk be the complement of the domain of the transfer map to Ck- By the 
weak Markov property \Tk\ = 0, hence [jTk also has zero measure. This and the 



\xnCk\ 

\Ck\ 



-^• 1 and 



\YnCk\ 

\Ck\ 



1, as /c — oo. 
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assumption that |X| > implies that there exists a density point x which has in X 
as well as in the domain of the transfer map to Ck, for every k. 

Let Bk be the branch of the transfer map to C'k containing x, and let be 
the transfer time for Bk- We contend that \Bk\ 0- If not, there would exist a 
subsequence {ki} such that B = ClBk^ had positive measure, and thus B would 
be contained in a wandering interval (which is impossible by Theorem 3.10). Here 
we have used that Ck is a nice interval so the orbit of B^ satisfies the disjointness 
property of Proposition |3.5| 

Since (Bk ) — Ck we can use the weak Markov property and the Koebe lemma 
to get that there exists K < oo (not depending on fc) such that the distortion of 
Z"^* on Bk is bounded by K. This, together with the assumption that f{X) C X, 
shows that 

\Ck\X\ ir^BkXXM \Bk\X\ 

\Ck\ - |r*(Sfc)| - \Bk\ 

The last step follows from x being a density point, since |i?A;| — > 0. 

Now apply the same argument to Y and the claim follows. □ 



4. The invariant set 

In this section we construct an 'invariant' and relatively compact set for the 
renormalization operator. This construction works for types of renormalization 
where the return time of one branch is much longer than the other. This result will 
be exploited in the following sections. 

Definition 4.1. Fix a > 1, cr G (0, 1), (3 G (0, {a/a)^) and let 6o G N be a free 
parameter. Define H. to be the following (finite) set of monotone types 

a b 

(3) n = {(Ol^-T, lo"^) I a + a < a+l < 2a-a, bo < b < (l + {a / a)^ - l3)bo} ■ 

(Note that a and b are integers.) We assume that a has been chosen so that the 
two inequalities involving a have at least one integer solutionj^ 
Let 5 = (l/6o)^, £ = 1 — c (note that e depends on /) and define 

(4) IC^{f eC^ \ a-'">/°' <e< Qa-^''"l°'\ Dist (/) < ,5, Disti/; < 5}, 

where > 1 is a constant not depending on 6o0 We assume that 6o is large enough 
for the two inequalities involving e to have at least one solution. 

We are going to show that /C is 'invariant' under the restriction of 7?. to types 
in n as long as 69 is large enough. Recall that / G £q if and only if / has negative 
Schwarzian derivative and is w-renormalizable for some G i^. 

Theorem 4.2. If f e and 1 - c+(7^/) > X > for some constant A (not 
depending on bo ), then 

feJC =^ nfeJC, 

for 60 large enough. 



■^For a £ (1, 2] there is exactly one integer solution if cr is small enough. For a > 2 it is possible 
to choose a so that there are at least two solutions. 



The constant 6 is given by Proposition 



4.10 
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The condition on c^iTZf) is a bit unpleasant but we need it to exclude maps 
such that e{TZf) is too small for us to deal with. This situation occurs when the 
right branch of the renormalization is trivial. We can work around this problem 
by considering twice renormalizable maps because such maps will automatically 
satisfy the condition on c^{TZf), and this leads us to: 

Theorem 4.3. // both f e and Uf G Cf^, then 

feIC =^ TZfelC. 

for bo large enough. 



The proofs of Theorems |4.2| and 4.3 can be found at the end of this section. 



Remark 4.4. The full family theorem Martens and de Melo 2001 implies that: 
(i) for every A S (0, 1) there exists / G £q n /C such that c^iJZf) > 1 — A (e.g. any 
f € K, can be deformed in the (u, v) directions in such a way that / is renormalizable 
to a map such that Ci{TZf) = 0), and (ii) /C intersects the set of twice renormalizable 
maps (of any combinatorics). This shows that both theorems above are not vacuous. 

The main reason for introducing the set K. is the following: 

Proposition 4.5. K. is relatively compact in . 

Proof. Clearly e{f) for / e /C lies inside a compact set in (0,1). Hence we only 
need to show that the ball i? = {0 € I?^([0, 1]) | Dist0 < (5} is relatively compact 
in I?°([0, 1]). This is an application of the Arzela-Ascoli theorem; if {(/)„ e -B} 
then \4'n{y) ~ 4'n{x)\ < e^\y — x\ hence this sequence is equicontinuous (as well as 
uniformly bounded), so it has a uniformly convergent subsequence. □ 



The rest of this section is devoted to the proof of Theorem |4.2[ We will need 
the following expressions for the inverse branches of / which can be derived from 
equations ([T]) and ([2|: 



(5) fo\^) 



c — c 



irH[o,cr])i 



The following lemma gives us control over certain backward orbits of the critical 
point. This is later used to control the critical values and the derivative of the 
first-return map. The underlying idea for these results is that the backward orbit 
of c under fo initially behaves like a root and eventually like a linear map whose 
multiplier is determined by Df{0), whereas the backward orbit of c under fi behaves 
like a linear map whose multiplier is determined by Df[l). 

Lemma 4.6. There exist fi > and v,k <=z (0, 1) such that if f ^ C\^, Dist (j> < S, 
Dist ip < S, e < k, and e > 7" " for some 7 e (0, 1) not depending on bo, then 

^^^>l-,e and ^-^^^ > .e^T 

£ C 

for bo large enough. 
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Proof. We claim that 

(8) c-K'(c) > ce-'/<— >(/f "(c) - c)":" 

Assume for the moment that these equations hold. The idea of the proof is that if 
we have some initial lower bound on fi^{c) — c then we can plug that into ^ (with 
n = b), and this bound in turn can be plugged back into Q to get a new lower 
bound on fi^{c) — c. We will show that iterating the initial bound in this way 
will actually improve it and that this iterative procedure will lead to the desired 
statement. Finally we show that there exists an intial bound that is good enough 
to start off the iteration. 

To begin with consider Q. This equation follows from a computation using ([6| 
and the fact that 1 — cf > c — fo^'ic) holds for monotone combinatorics. 

Next, we prove Apply ^ to get 

/ _ _ X l/a 

Since Ci < 1 this implies that 

(9) /-i(c)<c-c.e-^/"(cr-c)i/", 
and if a; < c then we can use that c < to get 

(10) /-i(^)<c_c.e-*/"(l-^)'.^" 
Using (Igl and (10) we get (note that /q^^c) < c): 



By repeately applying ( 10 ) to the above inequality we arrive at 

/o-«(c) < c - c . exp (l + . . . + | • - c)"? 

which together with the fact that 1 + • • • + a^" < aj^a — 1) proves ([s]). 

Having proved ([t]) and ([8| we now continue the proof of the lemma. Note that 
the left-hand side of ([t]) appears in the right-hand side of ([8| and vice versa. Thus 
we can iterate these inequalities once we have some bound for either of them. To 
this end, suppose /]"^(c) ~ c>te, for some t > 0. If we plug this into ([s]) and then 
plug the resulting bound into ([t]), we get that 

/ 5a/(a-l) l-a-''\^/" 

(11) fr\c)-c>e-il — ^ =eh{t). 



We claim that the map h has two fixed points: a repeller tg close to and an 
attractor ti close to 1. To see this, solve the fixed point equation t = h{t) to get 

(12) f^^'il - t") = ei-^^'e^'^/t^-iVc. 

Let git) = ^"''(l-r) andlet p = e^-'^^' e^''/^"-'^'> /c. Note that g{0) = 0, g{l) = 1, 
and g has exactly one turning point r at which glr) > p for b large enough. This 
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shows that g{t) — p has two solutions < ti. That to is repeUing and ti attracting 
(for h) follows from the fact that hit)" — ^ — oo as t and h{t) — )■ 1 as i f oo. 
We now find bounds on the fixed points of h. Solving Dg{T) — gives 



(13) 



(a 



1) 



-1/q 



Hence ( 12 ) shows that 

(14) p = <o""''(l-<o")><o""'(l-T") 

and 



1 - 



(15) p = tf' (1 - t^) > r"-" (1 - t^) =^ ti > (l - (re)-""'p£) , 

where p = pe^~" so that p is a constant not depending on Bq. By assumption 

= (1/e)""' < (1/7"'°)""' < 1/7 



and r " 
such that 



1 as — > 00 by (13), so (15) shows that there exists a constant p 



(16) ti>l- pe. 

All that is need to complete the proof is some initial bound (c) — c > t'e such 
that t' > to, because then h^{t') ti a.s i 00, which together with (111 and (16) 
shows that 

/r'(c) - c > sh{ti) = eh = e(l - ^^£)■ 
Plugging this into (|8| also shows that 

c-/o""(c) > ce*/("-i)((l-Me)£)" " > ce^^^"-^'> [1 - pe)e"'" ^ cue'^T 

To get an initial bound t' we use the fact that fi'^ic) — c > \R\ and look for a 
bound on \R\. Since TZf is nontrivial we have f''~^^{R) D R, which implies 



\R\ < \f (/(i?))| < max /'(a;)" • e'\QiR)\ < {e'ua/cfe'v {\R\leT 



and thus 
(17) 



fr\c)^c>\R\>e- 



ce 



i/b 



aS{b+l)/b 



b/{a~-l) 



= et'. 



Here t' is of the order £^/(" ^'o; ^ whereas to is of the order , so t' > to for bo 
large enough. To see this, solve t' > {p/{l — r"))" for e to get 



loge < 



a-1 



{a — 1)0;'' — a 



g5a/(a-l) 



The right-hand side tends to log{ce 1)} as 6 — > 00, so it suffices to choose 

da 



e <0 [^exp|- 
and t' > to will hold (for fog large enough). 



a - 1 



□ 
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The next lemma is the reason why we chose e to be of the order a~'^°"' . The 
previous lemma is first used to show that the region where the backward orbit of c 
under /o is governed by a root behavior is escaped after log h steps, and that the 
remaining b— log 6 steps are then governed by the fixed point at 0. The choice of e 
will make sure that the linear behavior dominates the root behavior and hence 
will approach the fixed point at as 6 is increased. 

Lemma 4.7. There exists K such that if f € n JC, then 1 — < Ke^. Also, 
exponentially in &o as bo oo. 

Remark 4.8. This lemma also implies that the parameters u and v are close to one 
for / G Cq n JC since 4'{u) = a[ and "0(1 ~ — ■ Hence, for example 

i-u = r\i)-r\c^) = ir'([cr,i])i <e^|[cr,i]| <ifeV, 

and 

1 - f - ^-\c+) - ^-1(0) = |V-^([0,c+])| < e*|[0,c+]| < K'e-'\ 
for some K' . 

Proof. The proof is based on the fact that c'l < fo^{c) and > fi'^{c) for 
monotone combinatorics, so we can use Lemma |4.6| to bound the position of the 
critical values. 

Lemma l46l shows that 

1 - cr < 1 - /r'(c) < 1 - c - (1 - ^ie)e - ^ie^, 
which proves the statement about about c'^ . 

Next, let n = [log„5ol. Then a"" < 1/bo and e""" > e^/''° so applying 
Lemma |4.6| again we get 

c 

Thus fo '^{c) is a uniform distance away from c. Since b^ — [log^^ 6ol ~^ oo, and 
since is an attracting fixed point for f^^ with uniform bound on the multiplier, 
it follows that fQ^{c) approaches exponentially as 5o — > oo. This proves the 
statement about . □ 

Now that we have control over the critical values we can estimate the derivative 
of the return map. The derivative of /f is easy to control since /f is basically a 
linear map on a neighborhood of f{L). However, the derivative of /g is a bit more 
delicate and we are only able to estimate it on a subset of f{R). The idea is to split 
the derivative calculation into two regions; one expanding region governed by the 
fixed point at and one contracting region in the vicinity of the critical point. The 
choice of s will ensure that the expanding region dominates the contracting region 
if b is sufficiently large. 

We will need the following expressions for the derivatives of the inverse branches 
of/: 



(18) 



a u \ \ch-'-l\x 



l<^-H[^,cr])i 



The above equations can be derived from (H) and ^. 



l~l/a 
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Lemma 4.9. There exists K such that if f E C}i H K,, then 



Vx>/o-^(c), 



Proof. We start by proving the lower bound on Df^ From ( 19 ) we get Df^ [x] > 
e~^e/a and hence 

Df^-ix)>e'-'ie/ar, Vxe[c+1]. 



Note that 



has a lower bound that does not depend on bo, so the above equation 



shows that Df^ "(a;) > K ^(e/a)" for some K (not depending on bo). 

Next consider the upper bound on Df^"" . Use < 1 and ([5]) to see that 



(20) 



fo\c)>c{l-{e'ef/"') 



Equation (19), the fact that 1 — cj" < 1, and the assumption that x > f^ (c) 
together imply that 



(21) Df^\x) < 



ee" 



av 



+ \ 1-1/" 



< 



fo\c)-ct 



1-1/q 



e 
a 



Equation (20) and Lemma 4.7 show that /(7^(c) — has a lower bound that is 
independent of bo and Remark 4.8 can be used to bound v. Hence the expression 
in front of e/a in (21) has an upper bound that does not depend on bo. Since 
X > fi^{c) implies that f^^[x) > fo^{c) for all i = 1, . . . , a, the previous argument 
and (21) shows that 

Df^ix) < K{e/ar, 
for some K (not depending on bo). 



We now turn to proving the bounds on D/q (c). Equation (18 1 shows that 



.,--5 



(22) 



-<5 



1-1/a 



<Df^\x)< 



l-l/a 



The upper bound in ( 22 ) gives 

6-1 

(23) Df^''{x)^l[Df^\f^\x)) < 



i=0 



g25 

au 



b 6-1 

n 



i=o V^i -fo"{x) 



l-l/a 



The expression before the last product is bounded by Ka ^ for some constant K 
since: (i) bS < {1 + (a/af - fi)bo/{bo? ^ by (Q, and (ii) it'' > (1 - ©(e^))'' 
by Remark 4.8 and be < b6a^^°'^/°' — >■ 0, so v!' has a lower bound which does not 
depend on b. 

The lower bound in (22) similarly shows that 

6-1 

(24) 



fo\^) 



l-l/o 



The expression before the product is bounded by K~^a~^ for some constant K 
since M — ^ as in (i) above, and c** > (1 — 6a~^°'^/°' so c'' has a lower bound 
independent of b. 
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The product in ( 23 1 and ( 24 ) is the same, so we will look for bounds on this 
product next. We claim that there exists constants 7,/5 > such that 



(25) 



-S/{c 



a-1) < Cl - /o "(^) . f C^-X 



for X < c. Assume that this holds for the moment (we will prove it shortly). 
Equations (23) and (25 1 show that 



6-1 



N 1-1/q 



(The equality follows from a computation using the fact that the logarithm of the 
above product is a geometric sum.) From Lemma 4.7 we get 

-l+Q"'' 



< u 



1 - Kie 
1 - ifie2 



and hence 



Since 65 — ?► this finishes the proof of the upper bound on Df^ ^(c). 
Similarly, ( 24 ) and ( 25 ) show that 



-l+Q 



Use Ci < 1 to get {ci — c)/c-^ = 1 — c/c-^ < 1 — c = e. This finishes the proof 
of the lower bound of DfQ^{c), since: (i) 6(5 —> 0, and (ii) (1 + 'ye'')'' — > 1 since 
beP < bOa-P''"''^''^ for any p > 0. 



It only remains to prove the claim (25). We start with the lower bound. From 
(151) and c < (the latter follows from Lemma 4.7) we get that 



l/a 



Hence 



I/O 



SO an induction argument and l + - + ^ < a/{a — 1) finishes the proof of 

the lower bound of (25). 



We finally prove the upper bound of ( 25 ) . From c < < 1 and ([5|) we get 
(26) " ~ K^""^ ^ (1 - c) + (c - f^\x)) ^ ^ ee'l^ 



Ci c-/o^(a;) 



c(ci - a;)!/"' 
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Assuming that x < c we get Ci — x > Ci — c|^ By Lemma 
together with ([s]) and ( 26 1 shows that 



4.7 



< 1 



-I-I/q 



c > ke which 

l/a 



for some constant 7 > and p = 1 — l/a > 0. This shows that 

< ((l + 7£'')e 



^ , \ l-\-l/a / r T" 



so an induction argument and 1 
the upper bound of ( 25 ) . 



l/a" < a/(Q! — 1) finishes the proof of 

□ 



Armed with the above lemmas we can start proving invariance. The first step 
is to show that e{TZf) is small. The proof is complicated by the fact that we do 
not know anything about s(TZf). Once we find some bound on e{TZf) we can show 
that it in fact is very small. 

Proposition 4.10. There exists > (not depending on bo) such that 
/e£gn/c ^ £(7^/)<0a-''«"/"^ 

for bo large enough. 

Proof. First we find an upper bound on \R\. Since / is renormalizable f^{f{R)) C 
C. By the mean value theorem there exists ^ G f{R) such that Df''{^)\f{R)\ — 
We estimate |/(i?)| > e-''|Qi(i?)| > e-^v{\R\/e)" . Taken all together 

we get 



(27) |i?r < 



*£«|/(i?)| _ e^e«|/^(/(i?))| ^ e'e-\C\ 



e e f{R)- 



V vDfb{^) - vDfb{(y 

Next, we find a lower bound on \L\. Since / is renormalizable and TZf is nontrivial 
we get that f"'{f{L)) D L. By the mean value theorem there exists 77 S f{L) such 
that = D/"(77)|/(i)|. Use these two facts to estimate 

\L\ < ir (/(i))| = Df^{rj)\fiL)\ < Df^irj)e'ui\L\/cr, 

and hence 



(28) 



ri^f{L). 



e^uDf"^{'q)' 

There are now two cases to consider: either \L\ < \R\ or \L\ > \R\. The former 
case will turn out not to hold, but we do not know that yet. 

Case 1: In order to reach a contradiction, we assume that \L\ < \R\. This implies 
that |C| < 2|i?| so equations (27) and (28) show that 

f29) 1^1 <0/^,.^r(^)^'''""'^ 



''The condition a; < c is unnecessarily strong here; we could get away with — x > fce' for 
some constant t close to (but smaller than) a. 
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We would like to apply Lemma 4.9 but we do not know the position of /''(^) in 
relation to c. However, we claim that the distortion of /'' on f{R) is very small 
which will allow us to use Lemma |4.9| anyway, since 



> {Df^\c)-e^p{Bistf\f^n)} 



Dp{f^\c)) Df^\c) 

Note that /"(t?) > f^^{c) since / is renormalizable, so we can directly apply 
Lemma 4.9 to estimate Df°-{rj). 

We now prove that the distortion of f'^ on f{R) is small. For monotone combi- 
natorics we have 

/(i?)c(/o-''-i(c),/-''+i(c)), 

thus 

\fo'^\c) ~ fo'-\c)\ > \f{R)\ > e-'v{\R\/er, 

and consequently 

.5 \ 



\R\ 



< 



\fo'"'\'^)-fo'~\c)\ 



0, as 6o oo. 



This and Lemma 



4.7 



shows that the length of the right component of [0, c^] \ C 
is much larger than C (since \R\ > \C\/2 by assumption). Since f~^\c extends 
monotonously to [0, c^] the Koebe lemma implies that the distortion of f^\f(R) 
tends to zero as bo oo. (Note that the left component of [0, c^] \ C is of order 1 
so it is automatically large compared to C.) 



Now that we have control over the distortion, apply Lemma 4.9 to get 



By m a + l-a 



> (7 — a and we may assume that a > a (by choosing 



bo sufficiently large) so that the exponent of e is negative. Inserting e > a we 
get that the right-hand side is at most of the order where 



t 



'-{a — a — a + bo = 



a 



bo- 



The expression in front of bo is positive so t — > oo as 6o — > oo. Hence (29) shows 
that |i?|/|L| — !> as 5o — ^ oo. This contradicts the assumption that \R > \L\, so 
we conclude that \R\ < \L\. 

Case 2: From the argument above we know that \L\ > \R\. In particular, \C\ < 2\L\, 

l/a 



SO equations (27 1 and (281 show that 

\R\ 



(30) 



e 

< 



2e^^uDf''{ri) 



As in Case 1 we would like to apply Lemma [Tg] but first we need to show that the 
distortion of on f{R) is small. In order to so we need an upper bound on \L\. 

Since / is renormalizable f{L) C C, so another mean value theorem estimate 
gives 

2\L\ > \c\ > Dr{o\f{L)\ > Dnoe-'um/cT, 

for some ^ £ f{L). Now apply Lemma 4.9 to get that 



(31) 
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By ([3]) a>a— l + a SO once again we get that the length of the right component 



of [0,c^] \ C is large compared to C (use Lemma 4.7 to bomid c^). The Koebe 
lemma shows that the distortion of f ''\ f( R) tends to zero as ^ 00. 
We can now apply Lemma 4.9 to pO| to get that 



(32, .(K/,.^<M<;,. 

As in the above we may assume that the exponent of e is negative, so inserting 
e > q;"^o/" we get 

e(7^/) < Ki 1^0,60 (a+l-a-a-')/a-6oy^" < J^^ ^^boia-a) / a-boy^" ^ i^2a"^'""/"' 

Let = K2 to finish the proof. □ 

Knowing that s{TZf) is small it is relatively straightforward to use the Koebe 
lemma to prove that the distortion of the diffeomorphic parts of TZf is small. Here 
we really need the condition that the return time of the left branch satisfies a > 
a — 1 in order to find some Koebe space. Also note that we assume negative 
Schwarzian derivative so that we can apply the strong version of the Koebe lemma 



(see Lemma C.4| which gives explicit bounds on the distortion. 



Proposition 4.11. If f e Cf^fMC, then Dist 0(7^/) < S and Dist■0(7^/) < 6, for 
bo large enough. 



Proof. From Proposition 4.10 we know that \L\ > \R\ and thus jST) applies, which 
shows that |C| is at most of the order Hence Lemma |4.7 shows that the 

right component of {c^ , ) \ C has length of order e and the left component has 
length of order 1. 

Let U = /r"(C) and V = fo^C). The inverses of /"|^ and f% extend 



monotonously (at least) to {c^ , ) so the Koebe lemma (see Corollary C.5 1 implies 
that the distortion of these maps is of the order e* , where 

t^-l + a/{a - 1) > cr/(a - 1) > 

by (§. 

Since 4){TZf) equals f°'\(j ° 4> and tp{Tlf) equals f''\y o ij; (up to rescaling) this 
shows that 

(33) Dist <^!)(7^/) < if e* and Dist?^(7^/) < ife*. 

Note that e* < < S for 60 large enough, since S = (l/6o)^ by Q. □ 

The final step in the invariance proof is showing that E{TZf) is not too small. This 
is the only place where we use the condition on o[{JZf). This condition excludes 
maps whose renormalization has a trivial right branch. Such maps are difficult for 
us to handle because e(7?./) may be smaller than the lower bound on e. 

Proposition 4.12. If f e £^ D K. and if 1 - 4(7^/) > A for some A > not 
depending on bg, then e{TZf) > a~^°^" , for bg large enough. 

Proof. First we look for a lower bound on \R\. The condition on c^{TZf) gives 



l-A>c+(7^/) = l- 



\c\ 
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and hence > A|C| > A|L|0 On the other hand, the mean value theorem 

shows that there exists ^ G f{R) such that 

\f\fm\ = Dfmim < DfiOe'm/sr. 



Thus 
(34) 



1^1 - .snfbf 



Next, we look for an upper bound on \L\. The mean value theorem in conjunction 
with C D r(/(i)) and 2\L\ > \C\, shows that 2\L\ > \C\ > DP{'q)e-^u[\L\/c)°' , 
for some 77 G f{L). Hence 



(35) 



< 



(36) 



Equations ( 34 ) and ( 35 1 show that 

R 



V e fiL). 



Now apply Lemma 4.9 
/''(O > c) to get that 



e 

jL\-c 
(Proposition 



can be used to bound Df''{£^) in case 



4.11 



e(7^/) 



|i?l 



L 



R\ \L\ 

-b 



\L\ 



> 



l/a 



By (|3|, a+1— a — a > a — a which we may assume to be positive (by 
choosing bo large), so inserting e < 9a^''°'^^°' in the right-hand side we get that 
£{T^f) ^ fciQ!~*/", where 



(37) 



t = - 



5o(T 



{a - a-'«) + (1 + {a/af - P)bo = (l + - p)bo. 



We may assume that /3 > ctq ° / a by choosing 60 large enough. Hence 

£(7^/) > fcia-"""/", p= 1 + ^^-/3, 
which is larger than e^''"/" for bo large enough since p|l — /?<las6o^ oo- 

The above propositions are all we need to prove invariance: 
Proof of Theorem \4.S\ Apply Propositions |4.10[ |4.11| and |4.12[ 



□ 



□ 



To prove Theorem |4.3| we need to show that twice renormalizable maps in K 
automatically satisfy the condition on c^iJZf). The only problem is that twice 
renormalizabl e ma ps may have elJZf) < a~^°^" in general, but even so we can still 
apply Lemma 4.6 to TZf to get some bound on c^(72./). 



Proof of Theorem \4-3\ If we go through the proof of Proposition 4.12 without using 
the condition on c{(TZf) and instead use /^(/(i?)) D R, then (34) becomes 



\R\' 



> 



'This is the only place where we use the condition on Cj (7?./). 
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and (36) becomes 



\L\ - c 



u Drill) 



£{nf ) > kia^'^^". This and Propositions |410 
Lemma 4.6 to / = TZf . 



This time we get that £(7?./) > fcia^*/'^"^^-', where t is the same as in (37 1. However, 
the important thing to note is that we st iU ge t a lower bound of the type e = 

show that we can apply 

c to get that 



and 



4.11 



By the above argument we can apply Lemma |4.6| to / and e 



1 



> ly {ha-'^'"') >k2>0. 



Let X = k2- Note that for monotone combinatorics c{ < /q (c) and since / is 
renormalizable this shows that 1 — cfif) > A. □ 



5. A PRIORI BOUNDS 

In this section we begin exploiting the existence of the relatively compact 'in- 
variant' set of Theorem |4.2[ An important consequence of this theorem is the 
existence of so-called a priori bounds (or real bounds) for infinitely renormalizable 
maps. We use the a priori bounds to analyze infinitely renormalizable maps and 
their attractors. 

From now on we will assume that the sets il and JC of Definition 14.11 have been 
fixed; in particular, we assume that Bq has been chosen large enough for Theorem |4.3| 
to hold. 

Theorem 5.1 (A priori bounds). // / G £f O IC is infinitely renormalizable with 
u) E il^ , then {7?."/}„>o is a relatively compact family (in C^). 

Proof. This is a consequence of Theorem |4.3| and Proposition |4.5[ □ 

Theorem 5.2. If f E IC is infinitely renormalizable with uj G fi^, then f 
satisfies the weak Markov property. 

Proof. Since / is infinitely renormalizable there exists a sequence Cq D Ci D • • • of 
nice intervals whose lengths tend to zero (i.e. C„ is the range of the n-th first-return 
map and this interval is nice since the boundary consists of periodic points whose 
orbits do not enter C„). 

Let T„ denote the transfer map to C„. We must show that T„ is defined almost 
everywhere and that there exists <5 > (not depending on n) such that C„ contains 
a 5-scaled neighborhood of C„+i, for every n > 0. 

By a theorem of Singei[^/ cannot have a periodic attractor since it would attract 
at least one of the critical values. This does not happen for infinitely renormalizable 
maps since the critical orbits have subsequences which converge on the critical point. 
Thus Proposition |3 . 7| shows that T„ is defined almost everywhere. 

Let L„ = C„ n (0, c) and let _R„ — C„ n (c, 1), where c is the critical point of /. 
Since / is infinitely renormalizable there exists In and r„ such that f^^-iLn) is in 



Singer's theorem is stated for unimodal maps but the statement and proof can easily be 
adapted to Lorenz maps. 
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the right component of C„_i \ C„, and such that /'""(i?„) is contained in the left 
component of C„_i \ C„. We contend that 

(38) inf |/'"(L„)|/|C„| >0 and inf |r"(i?„)|/|C„| > 0. 

n n 

Suppose not, and consider the C°-closure of {7?,"/}. The a priori bounds show that 
this set is compact and hence there exists a subsequence {??."''/} which converges 
to some /* . But then /* is a renormahzable map whose cycles of renormalization 



contain an interval of zero diameter. This is impossible, hence (38 1 must hold 



Equation (38) shows that C„_i contains a ^-scaled neighborhood of C„ and that 



5 does not depend on n. □ 

Theorem 5.3. Assume f £ C% Cl K. is infinitely renormalizahle with Co G fi^. Let 
A he the closure of the orbits of the critical values. Then: 

• A is a Cantor set, 

• A has Lehesgue measure zero, 

• the Hausdorff dimension of A is strictly inside (0,1), 

• the complement of the basin of attraction of A has zero Lehesgue measure. 

Proof. Let L„ and i?„ denote the left and right half of the return interval of the n- 
th first-return map, let z„ and j„ be the return times for I/„ and i?„, let Aq = [0, 1], 
and let 

A„= U cir(L„) U y cl/^(i?„), n = l,2,... 

Components of A„ are called intervals of generation n and components of A„_i \ A„ 
are called gaps of generation n (see Figure |4]). 

Let / be an interval of generation n, let J C / be an interval of generation n + 1, 
and let G C / be a gap of generation n + 1. We claim that there exists constants 
< /U < A < 1 such that 

fi<\J\/\L\<X and n<\G\/\I\<X, 

where /z and A do not depend on /, J and G. To see this, take the £°-closure of 
{TZ'^f}. This set is compact in so the infimum and supremum of | over 
all / and J as above are bounded away from and 1 (otherwise there would exist 
an infinitely renormahzable map in with / and J as above such that | J| = or 
|/| = I J|). The same argument holds for / and G. Since {7?,"/} is a subset of the 
closure the claim follows. 

Next we claim that A = P|A„. Clearly A C nA„ (since the critical values are 
contained in the closure of /(in) U f{Rn) for each n). From the previous claim 
|A„| < A|A„_i| so the lengths of the intervals of generation n tend to as n — > oo. 
Hence A = f] A„. 

It now follows from standard arguments that A is a Cantor set of zero measure 
with Hausdorff dimension in (0, 1). 

It only remains to prove that almost all points are attracted to A. Let r„ denote 
the transfer map to the n-th return interval C„. By Proposition |3.7| the domain 
of T„ has full measure for every n and hence almost every point visits every C„. 
This finishes the proof. □ 
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Rq 



R\ 



Rl 



^1 



Rl 



Rl Rl 



Rl 



^2 



Rl 



Rl 



Figure 4. Illustration of the intervals of generations 0, 1 and 2 
for a (01, 100)-renormalizable map. Here L\-^ — /*(L„) and i?^ = 
P{Rn)- The intersection of all levels n = 0, 1, 2, . . . is a Cantor 



set, see Theorem 5.3 



6. Periodic points of the renormalization operator 

In this section we prove the existence of periodic points of the renormalization 
operator. The argument is topological and does not imply uniqueness even though 
we believe the periodic points to be unique within each combinatorial classj^ 

The notation used here is the same as in Section [4] in particular the sets Q and IC 
are defined in Definition |4.1| We will implicitly assume that bo has been chosen 
large enough for Theorem |4.2| to hold. 

Theorem 6.1. For every periodic combinatorial type uj G ft^ there exists aperiodic 
point of TZ in Cq . 

Remark 6.2. We are not saying anything about the periods of the periodic points. 
For example, we are not asserting that there exists a period-two point of type 
{uj,uj)°° for some w G fl — all we say is that there is a fixed point of type {uj)°°. 
The point here is that (cj, uj)°° is just another way to write so these two types 

are the same. 

To begin with we will consider the restriction 7?,^ of TZ to some w G and show 
that TZi^ has a fixed point. Fix A G (0, 1) and let 

y^c^nic, and yx = {f ey\i-ct{nf)>x}. 

Note that if A is made smaller then we may have to compensate by increasing bg. 
Also note that y\ is nonempty for all choices of A. We will again implicitly assume 
that bo is sufficiently large for Theorem |4.2| to hold. 

The proof of Theorem |6.1| is based on a careful investigation of the boundary of 
y and the action of TZ on this boundary. However, we need to introduce the set y\ 
because we do not have a good enough lower bound on e(TZf) for f G y, see the 
discussion after Theorem 14.21 

Definition 6.3. A branch B of /" is full if /" maps B onto the domain of /; B is 
trivial if /" fixes both endpoints of B. 

Proposition 6.4. The boundary of y consists of three parts, namely f G dy if 
and only if at least one of the following conditions hold: 
(Yl) the left or right branch ofTZf is full or trivial, 
(Y2) e(/) = e~ or e{f) = where e{f) = 1 — c(/) and 

£~ = min{e(5) | g G JC} and = max{e{g) \ g £ /C} 



The conjecture is that the restriction of Ti to the set of infinitely renormahzable maps should 
contract maps of the same combinatorial type and this would imply uniqueness. 
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(Y3) Dist0(/) — 6 or Dist ip{f) — 6 (6 is the same as in Definition 4-1)- 
Also, each condition occurs somewhere on dy . 

Before giving the proof we need to introduce some new concepts and recall some 
established facts about families of Lorenz maps. 

Definition 6.5. A slice (in the parameter plane) is any set of the form 

5=[0,l]2x{c}x{</.}xM, 

where c, (/) and are fixed. We will permit ourselves to be a bit sloppy with notation 
and write (u, v) ^ S when it is clear which slice we are talking about (or if it is 
irrelevant). 

A slice S = [0, 1]^ X {c} x {((>} x {tjj} induces a family of Lorenz maps 

S 3 {u,v) h-> /„ „ = {u,v,c,(l),tp) e C. 

Any family induced from a slice is full, by which we mean that it realizes all possible 
combinatorics. See [Martens and de Melo 2001 for a precise definition and a proof 
of this statement. For our discussion the only important fact is the following: 

Proposition 6.6. Let {u,v) i— > fu,v be a family induced by a slice. Then this family 
intersects Cq for every Q such that Cq 7^ 0- Note that uj can he finite or infinite. 

Proof. This follows from [Martens and de Melol |2001[ Theorem A] . □ 

Recall that C = cl L U i? is the return interval for a renormalizable map, and the 
return times for L and R are a + 1 and 6+1, respectively (see the end of Section [2]). 

Lemma 6.7. Assume that f is renormalizable. Let {l,c) be the branch of f^^^ 
containing L and let (c, r) be the branch of f^^^ containing R. Then 

f''+\l)<l and f''+\r)>r. 

Proof. This is a special case of [Martens and de Melo 2001 Lemma 4.1]. □ 

Proof of Proposition \6.4\ Let us first consider the boundary of C'^. If either branch 
of TZf is full or trivial, then we can perturb / in so that it no longer is renor- 
malizable. Hence 0^ holds on d£^. If / € >C[J, does not satisfy 0^ then any 



sufficiently small C'^-perturbation of / will still be renormalizable by Lemma 6.7 
Hence the boundary of renormalization is exactly characterized by (^Q 

Conditions 0^ and are part of the boundary of /C. These boundaries inter- 
sect by Proposition |6.6| and hence these conditions are also boundary conditions 
for 3^. □ 

Fix 1 — Co = £0 G (e~, £^) and let S — [0, 1]^ x {cq} x {id} x {id}. Let pt be the 
deformation retract onto S defined by 

pt{u,v,c,(j),i>) = {u,v,c + t{cQ - c), (1 - t)(f), (1 - t)Tp), t e [0, 1]. 

In order to make sense of this formula it is important to note that the linear 
structure on the diffeomorphisms is that induced from C*' via the nonlinearity oper- 
ator N (see Remark 2.4 1. Hence, for example t(j) is by definition the diffeomorphism 
N-^{tN(l)). Let 

TZt = pto Tl. 

The choice of slice is somewhat arbitrary in what follows, except that we will have 
to be a little bit careful when chosing cq as will be pointed out in the proof of the 
next lemma. However, it is important to note that the slice intersects y. 
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Figure 5. Illustration of the action oi pi oTZ\g. The shaded area 
corresponds to a full island. The boxes shows what the branches 
of pi o TZf look like on each boundary piece. 



Lemma 6.8. There exists Cp such that TZt has a fixed point on dy\ for some 
t G [0, 1] if and only ifTZ has a fixed point on dy\. 

Remark 6.9. The condition 1 — cl{TZf) > A roughly states that v{TZf) > 1 — A. 
Thus yx has another boundary condition given by c+(7^/) = 1 - A. Instead of 
treating this as separate boundary condition we subsume it into 0^ by saying 
that the right branch is trivial also if c^{TZf) = 1 — A. 

Proof. The 'if statement is obvious since TZ = TZq, so assume that TZ has no fixed 
point on dyx. Let / G dy\ and assume that TZtf — f for some t > 0. We will show 
that this is impossible. 

To start off choose Sq G {e~, e^) and let cq = 1 — £o as usual (we will be more 
specific about the choice of eo later). 

Note that {^^^ cannot hold for TZtf since eg G (e~ e"*") and hence the same is 
true for e{TZtf), since t > and eiJZf) € [e~,e~^] by Theorem 4.2 

Similarly, cannot hold for TZtf since the distortion of the diffeomorphic 



parts of TZf are not greater than 5 (by Theorem 4.2) and hence the distortion of 
the diffeomorphic parts of TZtf are strictly smaller than S (since i > 0)j^ 

The only possibility is that f = TZtf belongs to the boundary part described by 
condition ("V[l]). 

If either branch of TZf is full then corresponding branch of TZtf is full as well 
which shows that / cannot be fixed by TZt , since a renormalizable map cannot have 
a full branch. Thus one of the branches of TZf must be trivial. 

Assume that the left branch of TZf is trivial, that is (TZf) — c{TZf). In 
particular, TZf is not renormalizable since for a renormalizable map is away 
from the critical point by Lemma |4.7| Because of this lemma we can assure that 
TZsf is not renormalizable for all s G [0, 1] by choosing eg close to e^. In particular, 
TZtf is not renormalizable and hence cannot equal /. 

9 This follows from Dist(l - t)</) < Dist</> if, t > and Dist(/> > 0. 



ON THE HYPERBOLICITY OF LORENZ RENORMALIZATION 



27 



Assume that the right branch of TZf is trivial (sec Remark 6.9). Then wc may 
without loss of generality assume that A > e+ and hence c^{TZf) = 1 — A (just 
choose A not too small, or increase bo). In particul ar T Zf is not renormalizable 



since that requires c{{TZJ) to be close to by Lemma 4.7 The same holds for TZsf 
for all s E [0, 1] since A > e+. In particular, / cannot be fixed by TZt since / is 
renormalizable. 

We have shown that / ^ dyx which is a contradiction and hence we conclude 
that 7^f/ ^ f for aU t G [0, 1]. □ 

The slice S intersects the set of renormalizable maps of type lo by Proposi- 



tion 6.6 This intersection can in general be a complicated set, but there will always 



be at least one connected component / of the interior such that the restricted family 



/ 3 [u, v) i-> fu,v is full [see Martens and de Melo |2001[ Theorem B]. Such a set / 
is call a full island. The action of 7?, on a full island is illustrated in Figure [5j Note 
that the action of TZ on the boundary of / is given by ("V[T]) which also explains this 
figure. 

Lemma 6.10. Any extension ofTZi\dy^ to yx has a fixed point. 

Proof. If TZi has a fixed point on dy\ then there is nothing to prove, so assume 
that this is not the case. 

Let S = [0, 1]^ X {cq} X {id} x {id}. By the above discussion there is a full island 
ICS. Note that dl C dyx. 

Pick any i? : / — > 5 such that R\gj = TZi\gi. Now define the displacement map 
5 : 9/ -> 51 by 

_ X - R{x) 
" \x-R{x)\- 

This map is well-defined since TZi was assumed not to have any fixed points on dyx 
and dl C dyx. The degree of i5 is nonzero since / is a full island. This implies that 
R has a fixed point in /, otherwise 6 would extend to all of / which would imply 
that the degree of S was zero. This finishes the proof since R was an arbitrary 
extension of 7?.i|g/ and dl C dyx. □ 

Proposition 6.11. TZ^^ has a fixed point. 

Proof. By the previous two lemmas either TZ^^ has a fixed point on dyx or we can 
apply Theorem I A. 1[ In both cases TZui has a fixed point. □ 



Proof of Theorem \6.1\ Pick any sequence (wq, . . . , w„„i) with uji G 17. The proof 
of the previous proposition can be repeated with 

TZ' = T^uj„-i o • • • o TZ^^ 

in place of TZ to see that TZ' has a fixed point f^ . But then is a periodic point of 
TZ and its combinatorial type is (wq, . . . , □ 

7. Decompositions 

In this section we introduce the notion of a decomposition. We show how to lift 
operators from diffeomorphisms to decompositions and also how decompositions can 
be composed in order to recover a diffeomorphism. This section is an adaptation 



of techniques introduced in Martens 1998 
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Definition 7.1. A decomposition (j) : T ^ I?^([0, 1]) is an ordered sequence of 
diffeomorphisms labelled by a totally ordered and at most countable set T. Any 
such set T will be called a time set. The space V is defined in Appendix [B| 
The space of decompositions T^t over T is the direct product 



together with the 



Ell 

tGT 



The notation here is 4>t = 4>iT). The distortion of a decomposition is defined 
similarly: 

Dist = Dist (pr- 

The sum of two time sets To ® Ti is the disjoint union 

To(BTi = {{x,i)\xeT„i = 0,l}, 

with order {x, i) < {y, i) if and only if x < y, and (x, 0) < (y, 1) for all x, y. 
The sum of two decompositions 

where 0^ € T^Ti, is defined by 0o © (f'li^i = 4>i{x)- Iii other words, 4>q © 4>i is the 
diffeomorphisms of 0o in the order of To, followed by the diffeomorphisms of (pi in 
the order of Ti . 

Note that © is noncommutative on time sets as well as on decompositions. 

Remark 7.2. Our approach to decompositions is somewhat different from that 
of Martens 1998 . In particular, we require a lot less structure on time sets and 
as such our definition is much more suitable to general combinatorics. Intuitively 
speaking, the structure that Martens 1998 puts on time sets is recovered from lim- 
its of the renormalization operator so we will also get this structure when looking 
at maps in the limit set of renormalization. We simply choose not to make it part 
of the definition to gain some flexibility. 

Proposition 7.3. The space of decompositions Vt is a Banach space. 

Proof. The nonlinearity operator takes P^qq^i]) bijectively to ^'([0, 1]; M). The 
latter is a Banach space so the same holds for Vt- □ 

Definition 7.4. Let T be a finite time set (i.e. of finite cardinality) so that we 
can label T = {0, 1, . . . , n — 1} with the usual order of elements. The composition 
operator O : Vt — I?^ is defined by 

0(j> = 0„_i o • • • o 00- 

The composition operator composes all maps in a decomposition in the order of T. 
We can also define partial composition operators 

O[j,fc]0 = cj)k° ■ ■ ■ ° < j < k < n. 

As a notational convenience we will write 0<fc instead of O[o,fc] etc. 
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Next, we would like to extend the composition operator to countable time sets 
but unfortunately this is not possible in general. Instead of T>^ we will work with 
the space I?^ with the C^-nonlinearity norm: 

= llA^^IIci = max{|i?''XiV0)|}, e V\ 

fc— 0.1 

Define = -.T ^V'^ < oo}, where 

ii0iii = Eii<^-iii- 

Note that ||-|| will still be used to denote the C°-nonlinearity norm. 

Proposition 7.5. The composition operator O : T)^ — > T)^ continuously extends 
to decompositions over countable time sets T . 

Remark 7.6. It is important to note that there is an inherent loss of smoothness 
when composing a decomposition over a countable time set. Starting with a bound 
on the C^-nonlinearity norm we only conclude a bound on the C°-nonlinearity norm 
of the composed map. This can be generalized; starting with a bound on the C*^"*"^- 
nonlinearity norm, we can conclude a bound on the C'^-nonlincarity norm for the 
composed map. 

The reason why we loose one degree of smoothness is because we use the mean 
value theorem for one estimate in the Sandwich Lemma 7.9 If necessary it should 
be possible to replace this with for example a Holder estimate which would lead to 
a slightly stronger statement. 

In order to prove this proposition we will need the Sandwich Lemma which in 
itself relies on the following properties of the composition operator. 

Lemma 7.7. Let (j) g Vx be a decomposition over a finite time set T, and let 
<j) — Ocf). Then 

^-m < |0'| < ell0ll^ < ll^lle^"-^", and UW < U\\e^^^K 

If furthermore, (j) G "D^j then 

||0||i<(l + ll0ll)e2"^"ll^lli. 

Remark 7.8. Note that the lemma is stated for finite time sets, but the way we define 
the composition operator for countable time sets (see the proof of Proposition 7.5 ) 
will mean that the lemma also holds for countable time sets. 

Proof. The bounds on and |0"| follow from an induction argument using only 
Lemma IB. 101 

Since T is finite we can label (jj so that (j) — 4>n-i o ■ ■ ■ o (po. Let il^i — 0^i{(f)) and 
let ipQ = id. Now the bound on follows from 

n-l 
i=0 

which in itself is obtained from an induction argument using the chain rule for 
nonlinearities (see Lemma B.8). 

Finally, take the derivative of the above equation to get 

n-l 

{N<j>y{x) = E(7V0,)'(V',(a:))VK2^)' 

i=0 
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From this the bound on \\<p\\i follows. □ 

Lemma 7.9 (Sandwich Lemma). Let (j) = o • • • o 0o ^.i^-d let ip be obtained by 
"sandwiching 7 inside (p; " that is, 

= (pn-l o • • • o 0,, o 7 O O • • • O 00, 

for some i £ {0, . . . ,n} (with the convention that 0„ = 0_i = id). 

For every A there exists K such that if G and if + "^WipiWi 5; 
then U-cpW <K\\-f\\. 

Proof. Let = 0„ o • • • o and let 0_ = o • • • o Two applications of 
the chain rule for nonlinearities gives 

\N^ix) - N^{x)\ = |iV(0+ o 7)(</'-(a;)) - iV0+(0-(a:))| • 

= |iV0+(7(2;))7'(2/)-^'/'+(2/) + ^7(y)| -l-^'^l^)!, 

where y = 0_(x). By assumption A^0+ G so by the mean value theorem there 
exists 77 e [0, 1] such that 

NMiiv)) = NMy) + (NcP+Yiv) ■ {<P{y) - y) ■ 

Hence 

\N'iP{x) - N<j){x)\ < 

• {\NMy)\ ■ Wiy) - 1| + Wiy) ■ m+y{v)\ ■ My) -y\ + \Nj{y)\) 

< ■ (A'2(ellTll - 1) +i^3(e'"^" - l) + hll) < i^hll- 



The constants Ki only depend on A by Lemma [777| We have also used Lemma B.IO 



and Lemma B.ll| in the penultimate inequality. □ 



Proof of Proposition \7.5[ Let (f> S T>^ and choose an enumeration 6* : N — > T. Let 
ipn denote the composition of {4>9{o)^ • ■ • ; 4>e{n-i)} in the order induced by T. 

We claim that {V'n} is a Cauchy sequence in 2?^. Indeed, by applying the Sand- 
wich Lemma with A = \\4>\\i we get a constant K only depending on A such that: 

m+n— 1 m+n— 1 

\\'(pn-ipm\\< ^ Wipi+i - < K ^ 0, as m,n-j> 00. 

i—m i—ni 

Hence = lim exists and cj) £ V'^. This also shows that (j> is independent of the 
enumeration 9 and hence we can define 04> = 4>- ^ 

We can now use the composition operator to lift operators from 2? to 2?t, starting 
with the zoom operators of Definition |2.9| 



Definition 7.10. Let / C [0, 1] be an interval, let (j) e Vj, and let Ir be the image 
of / under the diffeomorphism O<t-(0). Define /) = ^/j, where i/'t = Z{(j)r; It), 
for every t € T. 

Remark 7.11. An equivalent way of defining the zoom operators on T>^ is to let 
Ir — ipr'^iJ), where ipT = 0>r{4>), J = 4>{I), and (p = 0(j){I). This is equivalent 
since Ocf) — 0>T{(f>) o 0^r{4')- 

The original definition takes the view of zooming in on an interval in the domain 
of the decomposition, whereas the latter takes the view of zooming in on an interval 
in the range of the decomposition. We will make use of both of these points of view. 
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Zoom operators on diffeomorphisms are contractions for a fixed interval / by 
Lemma |B.14| A similar statement holds for decompositions: 

Lemma 7.12. Let I C [0, 1] be an interval. If (p d T>j. then 

\\Zi^;I)\\<eM-mm{\IlW)\}-m, 

where 4> = 04>. 

Remark 7.13. Since we are only dealing with decompositions with very small norm 
this lemma is enough for our purposes. However, in more general situations the 
constant in front of ||(/)|| may not be small enough. A way around this is to con- 
sider decompositions which compose to diffeomorphisms with negative Schwarzian 
derivative. Then all the intervals I-,, will have hyperbolic lengths bounded by that 



of J (notation is as in Remark 7.11). This can then be used to show that zoom 
operators contract and the contraction can be bounded in terms of the hyperbolic 
length of J. 

Proof. Using the notation of Definition |7.10| we have 

||Z(^;/)|| - ^||Z(0,;/O|| < Y.\^r\ ■ UrW < sup|/,| • M. 

tGT tGT "^^^ 

For every r there exists I such that \Ir\ — (O<t(0))'(Ct) ■ |-^| which together 
implies that \Ir\ < ell"^" • |/|. S imil arly, there exists T]r € 0(-^) such 



7.7 



with Lemma 

that = {0>r {(!)))' ivr) ■ \It\ so by Lemma 7.7 |/^| < e""^" • |0(/)| as weU. □ 



This contraction property of the zoom operators leads us to introduce the sub- 
space of pure decompositions (the intuition is that renormalization contracts to- 



wards the pure subspace, see Proposition 8.8) 



Definition 7.14. The subspace of pure decompositions Qt C I?t consists of all 
decompositions such that 0,- is a pure map for every r S T. 

The subspace of pure maps Q C consists of restrictions of x" away from the 
critical point, that is 

Q= {Z{x\x\''-^;I) I int/^0}. 

A property of pure maps is that they can be parametrized by one real variable. We 
choose to parametrize the pure maps by their distortion with a sign and call this 
parameter s. The sign of s is positive for / to the right of and negative for / to 
the left of 0. With this convention the graphs of pure maps will look like Figure |6] 

Remark 7.15. Let /is G Q. A calculation shows that 

Dist/i, = |iog/z;(i)M(o)| 

and from this it is possible to deduce an expression for fig-. 

(l+(exp{^}-l).T)"-l 
(39) f^six) = ^ exp{^}- l ' ^€[0,1], s^O, 

and /xq = id. We emphasize that the parametrization is chosen so that \s\ equals 
the distortion of fig- For this reason we call s the signed distortion of fig- Figure [6] 



shows the graphs of Hs for different values of s. Equation (39) may at first seem 
to indicate that there is some sort of singular behavior at s = but this is not the 
case; the family s i— ?> is smooth. 
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Figure 6. The graphs of a pure map /is for different values of the 
signed distortion s. 



The next two lemmas are needed in preparation for Proposition |8.8[ 
Lemma 7.16. Let cj) £ V'^ and let I C [0, 1] be an interval. Then 

d{Z{cj,;I),Q)<\I\-d{cj,,Q), 
where the distance •) is induced by the -nonlinearity norm. 

Proof. A calculation shows that 

rs{a-l) ( s 



1 + r^x 

Let / = [a, b] and let C,i{x) ~ a + \I\ ■ x. Then 



rs = exp 



a- 1 



d(Z((/);/),Q) = inf max \N{Z{4>-I)){x) - N nAx)\ 
seRi;e[o,i] ' ' 



— inf max 

r>-l xe[0,l] 

= inf max 

r>-l a;e[0,l] 



1/1 • inf max 



/|-7V0(C/(x))- 

I\-Nc^{0{x))- 
N(t){x) - 



r{a — 1) 



1 + rx 

r{a — 1) 



l + r{Ci{x)-a)l\I\ 
p{a - 1) 



1 + px 



where p — r/{b — {1 + r)a). Note that 1 + px has a zero in [0, 1] if p < — 1, so the 
infimum is assumed for p > — 1. Thus 

p{a-l) 



d{Z{(j);I), Q) = |/| • inf max 

p>— 1 xei 



1 + px 



N(t){x 

Taking the max over x G [0, 1] finishes the proof. 
Lemma 7.17. Let cj) S Vj. and let / C [0, 1] be an interval. Then 
/), Qt) < ell^ll • min{|/|, |0(/)|} • Qt), 

where <f> = Ocf). 



□ 



Proof. Use Lemma |7.16| and a similar argument to that employed in the proof 
of Lemma EH □ 

The pure decompositions have some very nice properties which we will make use 
of repeatedly. 
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Proposition 7.18. If (j) £ Qt and \\(j)\\ < oo, then 4> = 0(f) is in T>°° and (f) has 
nonpositive Schwarzian derivative. 

Remark 7.19. Note that ||0|| < oo is equivalent to Disti^ < oo, since 



Dist /i = / I Af/i(x) [dx, 



for pure maps /i. Hence the norm bound can be replaced by a distortion bound 
and the above proposition still holds. 

Proof. Let 77 be the nonlinearity of a pure map. A computation gives 

Hence, if 77 is bounded th en so are all of its derivatives (of course, the bound depends 



k>2 (use Remark 7.6) 



on k). Thus Proposition 7.5 shows that ^ = Ocj) is well-defined and (j) S V , for all 



Finally, every pure map has negative Schwarzian derivative so (/> must have non- 
positive Schwarzian deriviative, since negative Schwarzian is preserved under com- 
position by Lemma |C.3[ □ 



Notation. We put a bar over objects associated with decompositions to distinguish 
them from diffeomorphisms. Hence (j) denotes a decomposition, whereas denotes 
a diffeomorphism. Similarly, V denotes a set of decompositions, whereas 2? is a set 
of diffeomorphisms. 

Given a decomposition cj) : T V, we use the notation 0^ to mean ^(r) and 
we call this the diffeomorphism at time r. Moreover, when talking about (j) we 
consistently write to denote the composed map 0(f). 

We will frequently consider the disjoint union of all decompositions instead of 
decompositions over some fixed time set T and for this reason we introduce the 
notation 



V = \_\Vt and Q = \_\Qt. 



8. RENORMALIZATION OF DECOMPOSED MAPS 

In this section we lift the renormalization operator to the space of decomposed 
Lorenz maps (i.e. Lorenz maps whose diffeomorphic parts are replaced with decom- 
positions). We prove that renormalization contracts towards the subspace of pure 
decomposed maps. This will be used in later sections to compute the derivative 
of TZ on its limit set. 

Definition 8.1. Let T = {Tq,Ti) be a pair of time sets, and let Vt denote the 
product 2?To T^Ti ■ The space of decomposed Lorenz maps Ct over T is the set 
[0, 1]^ X (0, 1) X Vt together with structure induced from the Banach space M.^ x Vt 
with the max norm of the products. 

Definition 8.2. The composition operator induces a map which (by 

slight abuse of notation) we will also denote O. Explicitly, if / = (w, w, c, (j), ■tp) G £t, 
then / = Of is defined by / = (u, w, c, 0(f), O'tp). 



34 MARCO MARTENS AND BJORN WINCKLER 




Figure 7. Illustration of the renornialization operator acting on 
decomposed Lorenz maps. First the decompositions are 'glued' 
to each other with Q according to the type of renornialization, 
here the type is (01,100). Then the interval C is pulled back, 
creating the shaded areas in the picture. The maps following the 
dashed arrows from U to C and from to C represent the new 
decompositions before rescaling. 



We will now define the renormalization operator on the space of decomposed 
Lorenz maps. Formally, the definition is identical to the definition of the renormal- 
ization operator on Lorenz maps. To illustrate this, let / = Of be renormalizable. 
Then, by Lemma 2.11[ TZf = (u', w', c', (/>', ^p'), where 



(40) u'^\QiL)\/\Ul v'^\Q{R)\/\Vl c' = \L\/\C\, 

(j)' — Z{J°- o (j>; U) and ip' = Z{f^ o ip;V). Zoom operators satisfy 
Z{goh;I)^Zig;h{I))oZ{h;I), 

so we can write 

0' = Z(^; Q{Ua)) o ZiQ; [/„) o • • • o Z(V; QiUi)) o Z(Q; Ui) o Z(0; U), 
^' = Z(0; QiVb)) o Z(Q; ^b) o • • • o Z(0; QiVi)) o Z(Q; Vi) o Zi^b; V). 



Definition 8.3. Define TZf = (w', u', c', 0', V'Oj where u', v' , c' are given by (40) 
and 

0' = Z{^; U) ® Z{Q; Ui) ® Z{^; Q{Ui)) ® • • • ® Z{Q; Ua) ® Z{i;; Q{Ua)). 

^P' = Zi^P; V) ® Z{Q; Vi) ® Z(^; Q{Vi)) ® • • • ® Z{Q; Vt) ® Zi^; Q(H)), 

where Z{Q; ■) is now interpreted as a decomposition over a singleton time set. See 
Figure [7] for an illustration of the action of TZ. 

Definition 8.4. The domain ofTZ on decomposed Lorenz maps is contained in the 
disjoint union C = \_\rp Ct over all time sets T . Just as before we let C^^ denote all 
w-renormalizable maps in £; Cq denotes all maps in C such that TV f ^ l^^i^ where 
w (wo,Wi, . . .); and = 

Remark 8.5. Note that TZ takes the renormalizable maps of Ct into Ct' , where 
T' 7^ T in general. This is the reason why we have to work with the disjoint union 
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Lemma 8.6. The composition operator is a semi-conjugacy. That is, the following 
square commutes 



o 



o 

[jCl C 



and O is surjective. 



Remark 8.7. This lemma shows that we can use the composition operator to transfer 
results about decomposed Lorenz maps to Lorenz maps. 

Proof. The square commutes by definition so let us focus on the surjectivity. Fix 
T £ T and define a map Ft- : 2? — >■ Vt by sending (j) e T> to the decomposition 
4>:T^V defined by 

ip, if t — T, 
id, otherwise. 



4>it) 



Then O o F^ = id which proves that O is surjective on Vx and hence it is also 
surjective on Ct- D 

The main result for the renormalization operator on Lorenz maps was the exis- 
tence of the invariant set K, for types in the set il, see Section [4j It should come as 
no surprise that JC and fl will be central to our discussion on decomposed maps as 
well. The first result in this direction is the following. 

Proposition 8.8. If f G C% is infinitely renormalizable with Hi £ 17^, if < K 
and 11-011 < K, and if Of G /C H , then the decompositions ofTV^f are uniformly 
contracted towards the subset of pure decompositions. 

Proof. From the definition of the renormalization operator (and using the fact that 
d{Z{Q;I),Q)={)) we get 

a 

d{4>', Q)^J2 '^(^(V^; 2) + d{Z{^; U), Q). 

i=l 



Now apply Lemma [7.17| to get 

a+l 

Q) < ell'^ll Y^pMi^, Q) + ell^"|;7i|d(0, Q). 

1=2 



From Section|4]we get that X^l^d Sl^l ™^^y be chosen arbitrarily small (by 
choosing the return times sufficiently large) . Now make these sums small compared 
with max{ell'^",e"'^"} to see that there exists /i < 1 (only depending on K) such 
that 

d{4>', Q) + d{4,', Q)<fi [d{^, Q) + d{ij, Q)] . a 

Our main goal is to understand the limit set of the renormalization operator and 
the above proposition will be central to this discussion. 

Definition 8.9. The set of forward limits of TZ restricted to types in fl is defined 

by 

n^"( u ^^)- 

n>l ljGO"- 
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Remark 8.10. In other words, An consists of all maps / which have a complete 
past: 

This also describes how we can associate each / g An with a left infinite sequence 
(. . . ,a;_2,w_i). 

Proposition 8.11. An is contained in the subset of pure decomposed Lorenz maps. 
Proof. This is a direct consequence of Proposition |8.8[ □ 

Since An is contained in the set of pure decomposed maps we will restrict our 
attention to this subset from now on. This is extremely convenient since pure 



decompositions satisfy some very strong properties, see Proposition 7.18 and it 
will allow us to compute the derivative at all points in An in Section |9] 

Next we would like to lift the invariant set K. to the decomposed maps, but 
simply taking the preimage 0~^(/C) will yield a set which is too largcp°| so we will 
have to be a bit careful. 



Definition 8.12. Let 5, K. and be the same as in Definition |4.1| and let 

= min{£(g) | g G /C}, e+ = max{£(g) | g G /C}. 

Define 

£ = w, c, 0, Vi) I < 1 - c < e+, Dist < 5, Dist ^ < 6, ^, S Q}, 

Note that K. is defined analogously to K but with the additional assumption that 
the decompositions are pure. 

Proposition 8.13. If f £ Cn and 1 — c'^{TZf) > A > for some constant A (not 
depending on Bq), then 

for bo large enough. 

Proof. Let / = Of = {u,v,c,(t),ip). Note first of all that Dist ^ < S implies that 
Dist (j) < S, since Dist satisfies the subadditivity property 

Dist 72 o 7i < Dist 71 + Dist 72 . 

Hence, / automatically satisfies the conditions of Theorem |4.2[ so all we need to 
prove is that Dist 4>' < S and Dist -ip' < S. This is the reason why we define ^ by a 
distortion bound instead of a norm bound. Note that / has nonpositive Schwarzian 
since the decompositions are pure, see Proposition |7. 18"! 

We will first show that the norm is invariant, then we transfer this invariance to 
the distortion. The reason why we consider the norm first is because it satisfies the 



contraction property in Lemma |7.12 which makes it easier to work with 



From the definition of TZ and Lemma 7.12 we get 



- ||Z(^; U)\\ + Qm)\\ + \\Z{Q; U,)\\ 

a+1 a 

< eii^ii ii^ii -11/11+ eii'^ii m + Eii^w; u,. 



^'^Any preimage under O contains decompositions whose norm is arbitrarily large. As an 
example of how things can go wrong, fix .ft' > and consider : N — 15 defined by 4>n+i = (f>n 
and = K for every n. Then <j>2n—i o ■ ■ ■ o cjio = id for every n, but X]ll</'n|| = 00. 
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The norm of a pure map is determined by how far away its domain is from the 
critical point. More precisely, we have that 

i=l 1=1 ^ ' ^' 

Each term in this sum is bounded by the cross-ratio of Ui inside [c, 1]. Since maps 
with positive Schwarzian contract cross-ratio, since 5*/ < 0, and since Ui is a pull- 
back of C under an iterate of /, this cross-ratio is bounded by the cross- ratio x 
of C inside c|", 1]. Thus, the above sum is bounded by a{a — 1)%. From the proof 
of Theorem 4.2 we know that x is of the order e* for some t > 0. Since a < 6o and 
&o£* — we see that the above sum has a uniform bound which tends to zero as 
Jdq ^ oo. 

A similar argument for ip' gives 

ii^'ii + ii^'ii < m + ii^ii) exp {I10II + m] (Eit^'i + Ei^^i 

= fc(||0|| + ||7^||)+m, 
where m = Y.\\Z{Q\ U,)\\ + Y.\\Z{Q]V,)\\- Hence 

\\4>\\ + U\\ <S =^ U'W + U'W <6, if (5 > m/(l - k) 



By Definition 4.1 S = (l/6o)^ and e is of the order a~^°^, and by the above m is 
of the order 6o£'. Hence S > m/(l — k) for bo large enough. 

The final observation which we use to finish the proof is that if 7 G Q then 

hll (exp I 

That is II7II w Dist7 for pure maps 7 with small distortion. This allows us to 
slightly modify the above invariance argument for the norm so that it holds for the 
distortion as well. □ 



9. The derivative 

The tangent space of TZ on the pure decomposed Lorenz maps can be written 
X X Y, where X = R'^ and Y = R x £^ x The coordinates on X correspond 
to the {u,v) coordinates on Ct- Let {x,y) Q X xY denote the coordinates on the 
tangent space and recall that we are using the max norm on the products. The 
derivative of 7?. at / is denoted 

where Mi : _^ M2 : F ^ M^^ M3 : R'^ ^ Y and M4 : Y ^ Y are bounded 
linear operators. 

Note that the differentiability of TZ follows from the calculations in this section 
since they could be carried out to the second order. However, we have chosen to 
only make first order calculations since they are already quite involved. 

Remark 9.1. The fact that the derivative on the pure decomposed maps can be 
written as an infinite matrix is one of the reasons why we restrict ourselves to the 
pure decompositions. Deformations of pure decompositions are also easy to deal 
with since they are 'monotone' in the sense that the dynamical intervals that define 
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the renormalization move monotonically under such deformations. This makes it 
possible to estimate the elements of the derivative matrix. 

Theorem 9.2. There exist constants k and K such that if f (li K. D Cn and 1 — 
Ci{TZf) > A for some A e (0, 1) (not depending on f), then 

\\M,x\\ > kmm{\U\-\ \V\-'} ■ M, UU < K\C\-\ 



\M3x\\ < Kp' 



1^ 
1^1 



Wh\\<Kp'\cr\ 



where p' = max{e', Dist 0', Dist -0'} and bo is sufficiently large 
Remark 9.3. The set /C is introduced in Definition 



nition 



4.1 



.12 



and il is given by Deli- 
as always. No te tha t the decompositions of f G K, are pure and hence 
Of G by Proposition 7.18 Finally, the condition on c^(7?./) is used to avoid 
maps whose renormalization has a right branch which is close to being trivial (see 
the proof of Proposition 9.12 1. 

Proof. The proof of this theorem is split up into a few propositions that are in 
this section. The estimate for Mi is given in Corollary |9.11| The estimates for 
M2 and M4 follow from Propositions 9.12 and 9.15[ Finally, the estimate for M3 
follows from Propositions 9.12| and |9.13 □ 



Notation. Let / = (u, -y, c, 0, V^) and as always use primes to denote the renormal- 
ization TZf — {u' , v' , c', <j>' , i>'). We introduce special notation for the diffeomorphic 
parts of the renormalization before rescaling: 



C, ^ : y — > C, and C — {p, q). Note that p and q are by definition 



(42) 

so that $ : [/ 

periodic points of periods a + 1 and 5-1-1, respectively. 

We will use the notation dgt to denote the partial derivative of t with respect 
to s. In the formulas below we write dt to mean the partial derivative of t with 
respect to any direction. 

The notation g(x) x y is used to mean that there exists K < 00 not depending 
on g such that K~^y < g{x) < Ky for all x in the domain of g. 

The d operator satisfies the following rules: 

Lemma 9.4. The following expressions hold whenever they make sense: 

(43) dif o g){x) = df{g{x)) + ng{x))dg{x), 



(44) 



(45) 

Furthermore, if f{p) —p then 
(46) 



5(r+^) {x) = Df-^ if'+Hx)) df{f\x)) , 



dfip) 



dp = — 



f{p)-l 

Remark 9.5. The d operator clearly also satisfies the product rule 
(47) dif ■ g){x) = df{x)g{x) + f{x)dg{x). 
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This and the chain rule gives the quotient rule 

df{x)g{x) - f{x)dg{x) 



(48) 



d{f/9){x) 



Proof. Equation ( 43 1 implies the other three. The second equation is an induction 



argument and the last two follow from 

= d{x) = d{f o f-\x)) = df{f-\x)) + r{f-\x))d{f-\x)), 

and 

d{p) = difip)) = df{p) + np)dp. 



Equation (431 itself can be proved by writing f^{x) = f{x) + ef{x), ge{x) — g{x) + 



eg{x) and using Taylor expansion: 

fe{ge{x)) - Ug{x)) + erMx))9{x) + O(e') 

- /(.g(x)) + e{f{g{x)) + ng{x))g{x)] + 0{e^). 



□ 



We now turn to computing the derivative matrix M . The first three rows of M 
are given by the following formulas. 

Lemma 9.6. The partial derivatives of u' , v' and d are given by 
g^, ^ diQoic)^Qoip) ) ~u'-d ($-1(9) - ^-\p)) 



dv 



\U\ 

, _ d (Qi((?) - Qi(c)) -v'-d {^-\q) - vl/-i(p)) 



\V\ 



, _ d{c -p)-c' ■ d{q - p) 
\C\ 



Proof. Use (40 1, Lemma 9.4 and Remark 9.5 



□ 



Let us first consider how to use these formulas when deforming in the u, v ov c 
directions (i.e. the first three columns of M). Almost everything in these formulas is 
completely explicit — we have expressions for Qo and Qi so evaluating for example 
duQo{c) is routine. In order to evaluate for example the term du^~^{q) we make 



use of (451 and (44). This involves estimating the sum in (44 1 which can be done 



with mean value theorem estimates. The terms dp and dq are evaluated using (46) 
and the fact that p = $ o (5o(p) and q = o Qi{q). There are a few shortcuts 
to make the calculations simpler as well, for example 9„<I> = since $ does not 
contain Qo which is the only term that depends on u, and so on. 

Deforming in the (j) or ip directions (there are countably many such directions) 
is similar. Here we make use of the fact that the decompositions are pure and we 



have an explicit formula ( 39 ) for pure maps where the free parameter represents 



the signed distortion (see Remark 7.15), so we can compute their derivative, partial 



derivative with respect to distortion etc. These deformations will affect the partial 
derivatives of any expression involving $ or ^P, but all others will not 'see' these 
deformations. The calculations involved do not make any particular use of which 
direction we deform in, so even though there are countably many directions we 
essentially only need to perform one calculation for ip and another for -0. 
We now turn to computing the partial derivatives of (j)' and 'tp' . 
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Lemma 9.7. Let jis' = Z{^s]I), where fisTfJ-s' G Q o,nd I = [x,y]. Then 

d{Dii,){v) d{Diis){x) 



ds' ^ Nfis{y)dy ~ Nns{x)dx + 



Dfisiv) D^s{x) 



Proof. By definition s = log{Z3/i<;(l)/Z3/is(0)}. Distortion is invariant under zoom- 
ing, so this shows that s' = log{Dfis{y)/ Dfisix)}. A calculation gives 

^{logD^i,{x)) = ^^|^^^ + N^,,{x)^x. □ 

lyfig \X) 

By definition 0' consists of maps of the form Z{^a\I) (as well as finitely many 
of the form Z{Q; I) but these can be thought of as lim^^ioo Z{^s\ I))- Hence the 
above lemma shows us how to compute the partial derivatives at each time in 0'. 
Note that we implicitly identify M with Q via s i— >■ /x^- 

In order to use the lemma we also need a way to evaluate the terms dx and dy. 
One way to do this is to express these in terms of dp and dq which have already 
been computed at this stage. If we let T : / — >■ [p, q\ denote the 'transfer map' to C, 



then p = T{x) and hence (43) shows that 

dp - dT{x) 



dx 



DTlx) 



The terms dT and DT can be bounded by 9$ and D$ (or d^ and D^) aU of which 
have already been computed as well. 

We will now compute the Mi part of the derivative matrix. Note that Mi 
has nothing to do with decompositions so the following proposition is stated for 
nondecomposed Lorenz maps. 

Proposition 9.8. /// e /C n Cf^, th 



len 



1 (i I l-u' Q{p) \ 1 u' l-Q(q) 

M-\ It^l V " Df-+^p)-l) \U\ V D-i.('i>-^q)) Dp+Hq)-. . j^,e 

^ 1 v' DH^-\p)) Q{p) 1 (i , 1-v' i-Q(g) \ "^'"^i^ 

^ « _D*(*-i(p)) D/" + i(p)-l IV'I V ^ V Df>'+^q)-lJ ' 

where the error term Mf is negligible. 

Remark 9.9. From Section[4]wc know that the critical point of the renormalization 
is very close to 1 and that the distortion of the diffeomorphic parts of the renormal- 
ization are bounded by S (which is very small). From these two facts we can get an 
idea of the size of the entries of Mi. For example, u' is very close to 1 since c' is (and 
TZf is assumed to be nontrivial so u' > e~^c'). Furthermore, Df+^ip) = D{TZf){0) 
and Df^^^ = D{TZf){l) since an affine change of coordinates does not change the 
derivative, so the distortion bounds for TZf implies that Df°'^^{p) x mi' jd and 
Df'^^^iq) i< av' je' (these expressions come from the derivative of Q{x), see (nj)). 



Proof. We begin by computing dp and dq. Use <I> o Qo{p) — p, o Qi{q) ~ q, 
and (|46]) to get 



.,q^ . DnQoip))duQoip) . d^^iQijq)) 

^ ' Df-+^p)-l ' Df+^iq)-!' 

A _ d^'j'iQojp)) _ D^iQi{q))dMq) 
(50) c-.p- Df-+^ip)-r Df^+^{q)-l ■ 

Here we have used that d,,^ — and 9,, 5* = 0. 
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Next, let us estimate Let x £V and let Xi — P o ip{x). From (44) we get 

6-1 

du'iix) ^ duif o ^){x) = duf{xb-i) + Y.Df-\x,)duf{x,^i), 

where duf{x) — <j)' {Qo{x))Qo[x) / u. Note that < e^^Xi/u. In order to 

bound the sum we divide the estimate into two parts. Let n < 6 be the smallest 
integer such that Df(xi) < 1 for all i > n. In the part where i < n we estimate 

Df-\x,)x, ^ Dr-\x,)Df'-'\xn)x, < K,^Df{xi,-i)x, < K^e^-^'^. 

Xi 

Here we have used the mean value theorem to find < Xi such that Df"-~^{^i) = 
Xn/xi and Df"~^{xi) < since </> has very small distortion. In the 

part where z > n we estimate 

Df-\x,)x, < Dfixt^,) < X£i-i/". 

Summing over the two parts gives us the estimate 

&-1 

Y,Df-\x,)duf{x,-i) < l)ei-i/". 

i=l 

Hence 

(51) d^^ix) - o i;{x)) + « 1. 

We will now estimate 9^$. Let x £ U and let Xi — p o (t){x). Similarly to the 
above, we have 

a-l 

dMx) = djixa^i) + J2 Dr-'{x,)d,fix,^i), 

where dvf{x) — —'iIj'{Qi{x)){1 — Qi{x))/v. By the mean value theorem there exists 
G \xi, 1] such that Df-'i^i) = (1 - Xa)/{1 ~ Xi), since r~\xi) = Xa- From 
it follows that D/°-*(a;,) x Putting all of this together we 



4.9 



Lemma 

get that the sum above is proportional to 

a-l 

E - = (a - 1)(1 - X,). 

i=l 

Thus 

(52) dy<P{x) X -as, 

since Xa & C and hence I — Xa = e + 0{\C\) « e. 

We now have all the ingredients we need to compute Mi. Lemma 9.6 shows that 

\U\duu' = 5„Qo(c) - duQoip) - QoiP)duP 

- u' {D^-\q)duq - D^-\p)dup) . 
Here we have used = 0. Now use (|49| to get 



^A P, t \ W^Hp) n^-i^ ^^ duQo{p) 



'£)/a+l(p)_ 1' vj^^-"^ D/« + i(p)-f 

Thus 

{l-u')duQo{p) , u'a„*(Qi(g)) 



(53) \U\duu' = 1 
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The last term is much smaller than one because of (51 1 and since |D$| ^ 1 (and 
also Df+^{q) X v'a/e' > e'^a). 
From Lemma |9.6| we get 

\V\dW - dMq) + Q'Md,,q - a„Qi(c) 

- v' {D^-\q)d,q - D-i'-\p)d,p) . 



Here we have used dy'i' = 0. Now use (501 to get 
dMq)Df+Hq) 



Q'i{q)dvq = - 

Thus 

(54) \V\dyv' = 1 - 



D^-'iq)dyq = 



dvQi{q) 



Df+^iq)-! ' 

{l-v')dyQi{q) 

Dp+^iq) - 1 DM'{^-^p)){Df-+^ip) - 1) • 



Df+Hq)-1 
v'dy<^{Qo{p)) 



The last term is much smaller than one by (52) and since |-D^| ^ 1 (and also 
(p) ^ au'/c' > e-^a). 
From Lemma |9.6| we get 

\u\dyu' = -Q;,(p)a,p- u'(a,$-i(<7) + z?$-i(g)a„g 

-dy^"\p) - D^-\p)dyP 



Let us prove that that the dominating term is the one with d^q. From (50) we get 

dMq) Df^+\q) 



dvq = -- 



Q'liq) Dp+^{q)^V 



which diverges as bo — >■ oo, since |i?|/e and hence Q'i{q) — > (by the proof 
of Proposition 4.10). From (50) and (52) we get that dvp — ^ 0, which shows that the 
last term is dominated by the term with d^q. Now, dv^^^{x) — ~dv^{x) / D^{x), 
which combined with ( 52 ) shows that the term with dyq dominates the two terms 
with dy^^^. Furthermore 

QokP^vP- ^$(Qo(p))I)r+i(p)-l' 
at the term with dyq ( 

,D-^(^-\q)) dyQiiq) 



which combined with ( 52 ) shows that the term with dyq dominates the above term. 
Thus 



(55) 



\U\dyu' = u' 



D^<i>-^{q)) Df+^iq)-! ' 

where the error term e is tiny compared with the other term on the right-hand side. 
From Lemma [9?6| we get 

\V\d^v' = Q[{q)duq ~ v'(^du^-\q) + D-^-\q)duq 

-d^-^-\p) - D^>-\p)d^pY 

Let us prove that that the dominating term is the one with duP- From ( 49 ) we get 



duP 



Q'oip) Df-+^{p)-l 
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which diverges as 60 — > 00, since \L\/c — > and hence Q'q{p) — > 0. From (49) 
and (51 1 we get that duq is bounded and hence the d^p term dominates the sec- 
ond term involving duQ- Now, 9tj^'~^(a;) = — 9„^'(y)/I?^(t/), y = which 
combined with (51 1 shows that the dup term dominates the two terms involving 

Q'i{q)duq = 



du'^ ^- Furthermore 



which combined with (511 shows that the duP term dominates the above term. 
Thus 

where the error term e is tiny compared with the other term on the right-hand 
side. □ 

Corollary 9.10. // / e /C n £q, then det Mi > for 69 large enough. 

Proof. From Proposition |4 . 1 1 1 we get that 

D<^>{^~'{p))D^{^-\q)) ^ ,s 

D'P{<i>-^q)) - 

since distortion is invariant under linear rescaling. Now use this together with 
Proposition |9 .8| to get 

imiyldetM >1 2.-^V Qip)il~Q{q)) 
\U\\V\detMi>l~e " p;a+i(p) _ „ 1) • 

Equation ([T]) gives 



u V c / V \ e 

Remark 19.91 allows us to estimate 

Df+Hp) - 1 - a -62-5 Dfb+^{q) - 1 " ^ a-e 

Taken all together we get 

=45 



|[/||F|detMi > 1 -e'y- ^ 1, as feo ^ 00, 



e 

{a "62-5)2 

by Proposition |4.10| In particular, det Afi > for bo large enough. □ 
Corollary 9.11. There exists fc > such that if f is as above, then 
\\Mix\\ > k ■ mm{\U\-\ \V\-'^} ■ \\x\\. 

Proof. Write Mi as 



Ml 



a b 

\u\ \v\ 

c d 

\u\ |VI 



(Here we have used that the distortion of $ and ^E* are small, so D^/D'^ x 
Then 



M-'~(ad^bc)-'f'^\^\ ^1^1^ 
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We are using the max-norm, hence 

||Af-i|| = {ad~bc)-^ •max{(6 + d)|[/|,(c + a)|y|}. 

It can be checked that (b + d)/ {ad — be) and (a + c)/ {ad — be) are bounded by some 
K. Let k = 1/K to finish the proof. □ 

Proposition 9.12. // / e /C n £^ and 1 - cl{nf) > X for some A e (0, 1) (not 
depending on f ), then 

d,u'^-\C\'\ dcv'^\C\-\ 9ec' X -cV|C|-\ 
Proof. A straightforward calculation shows that 

1 -X 



(57) 



dcQG{x) _ _x_ ^^^^ dcQi{x) 



Q'oix) 



Q[{x) 



1 - c 



This together with $ o Qgb) = P, * ° Qi{q) =9, (42) and Mm gives 



. gg/°+^(p)-5c$(Qo(p)) „ 



From ( 44 ) and ( 57 ) we get 



1=0 
6-1 



W+ng)-gc^(Qi(g)) 

D/^+i(g)-l 



Xi = f' o (l){x), X £U, 



Xi = f oii}{x), xev. 



Using a similar argument as in the proof of Proposition |9.8| this shows that 

dc<^>{x) X -a and = -0{be^-'^/°'), 

and hence dcP 1 and dcQ^ 1- 

Now apply Lemma 9.6 using the fact that = Qq{p) to get 



\U\dcU' = -(1 - u')da{Qo{p)) - 



A calculation gives 



dc{Qo{p)) 



and 



d,{<f-\q)) = 



i?$(go(p))(i?/'^+i(p)-i) ^$(Qo(p)) 



D^{^-^{q)) D^{^-^{q)) 



(In particular, both terms have the same sign.) But D^{x) x |C|/|f7|, so this gives 
dcu' X — |C|~^. The proof that dcv' x \C\~^ is almost identical. 
From Lemma |9.6| we get 

\C\d,c' ^c\l~d,q)+e'{l~d,p), 
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and hence 



, _ c' e'Df+Hq) - e\C\-\l - 9c^(Qi(g))) 

e' dDr+\p) - c\C\-\l -~ dMQoip))) 
c Df^+^ip) - 1 

c'{l~d,^{Qi{q))) e'{l-dMQo{p))) 
\C\{Dfb+^{q)-l) |C|(D/«+i(rt-l) 



-Oic'e'/e). 



From Remark 



9.9 



we know that Df''+\p) x au'/c' and Df+'^{q) x av' /e'. Note 
that u' ~ 1 for / g /C H £^ , but that v' can in general be small (this happens if / 
renormalizes to a map whose right branch is trivial). However, the assumption that 
1 — cl{Tlf) > A implies that v' > e^^X and hence we may assume that v' /e' ^ 1 
(by increasing 5o if necessary). Thus, Df'^^^{p) x a/c' and Df''~^^{q) x a/e' and 
by plugging this into the above equation we get dcc' x —c'e'\C\~^ . (Note that 
dc^{x) < and dc'if{x) < so there is no cancellation happening.) 
Apply Lemma [9. 6| to get 

\C\duc' = -c'9„g - e'duP- 
This and the proof of Proposition |9.8| shows that 

, ^ c'{Dr+'{p) - l)du^{Qi{q)) + e'jDf+^q) - l)Dmo{p))duQo{p) 
\C\{Df-+^p)-l){Dp+^iq)-l) 

Since c'{DP+\p) - 1) x a - c', e'{Df+^{q) - 1) x a - e', \du^ < 1-0$!, and 
duQo{p) ~ 1, this shows that 

,^ ,^, DHQo{p)) _ c'e' 

The proof that d^c' x — c'e'|y|^^ is almost identical. □ 

Notation. We need some new notation to state the remaining propositions. Each 
pure map (j)^ in the decomposition (f) can be identified with a real number which we 
denote Sg- G M, and each i/;^ in the decomposition ip can be identified with a real 
number i,- G M: 

We put primes on these numbers to denote that they come from the renormalization, 
so s'g, G K is identified with 4>'{a') and t'^, G K is identified with ?/i'(T'). Note that 
(T, cr' are used to denote times for <f), (/)', and t, r' are used to denote times for -0, 
■0', respectively. 

Proposition 9.13. There exists K such that if f ^ K, O Ca, then 

\dus'g>\<K^-^, |a„.;,|<if^, \dJg,\<K^-^, 

Proof. We will compute d^s'^,; the other calculations are almost identical. There 
are four cases to consider depending on which time in the decomposition (f)' we are 
looking at: (1) 0'(a') = ^(</>.;/), (2) 0'(a') - ^(0;,;/), (3) 0'(a') = Z(Qo;/), 
(4) (/)'(cr') — Z{Qi]I). In each case let / = [x, y] and let T : / — >• C be the 'transfer 
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map' to C . This means that T — P o ^ for some i and 7 is a partial composition 
(e.g. 7 = O>(t(0) in case[l]) or a pure map (in cases [s] and [i]) . 
In case [T] Lemma [977| gives 

, N(j)„{y) N(t>„{x) 
dvs^, = -J^f^i^vQ - dvT{y)) - -J^f^i^^P " 9^,^(x)). 



By Lemma |R14| N(l)„ [y) = iV0^,(l)/|/| and hence 

7V0<^ ^ 7V^^^(1)/P1 ^ 
DT{y) ^ \C\/\I\ ^ \C[ 

Here we have used that the nonUnearity of (j)'^, does not change sign so s'^, = / N4''cr' 
and that / N(f)'^, « N(t)'^, (1) since the nonUnearity is close to being constant (which 
is true since </)' is pure and has very small norm). 

We now need to estimate dyT but this can very roughly be bounded by 9„<i> 
since 

d,T{y) = 9„/^(7(2/)), 
so the estimate that was used for dy^ in the proof of Proposition |9.8| can be em- 
ployed. From the same proof we thus get that d^q dominates both d^p and dyT . 
The above arguments show that 

■"-'-\C\''^^ \C\Dp+^{q)-l^ \V\Dp+^{q)-l 

This concludes the calculations for case [T] 

Case [2] is almost identical to casejl] Case [4] differs in that Lemma 9.7 now gives 
two extra terms 

o , NQi{y) , , NQi{x) 

" DT{y) ^ ^ ^"^(y)) - ~Jm^^ ~ 

Q'M Q'M ■ 

However, dyQi = 1/v so the last two terms cancel. The rest of the calculations go 
exactly like in case[l] Case [3] is similar to case|4] □ 

Remark 9.14. A key point in the above proof is that deformations in a decom- 
position direction is monotone. This is what allowed us to estimate the partial 
derivatives of the 'transfer map' T by the partial derivatives of $ or ^. 

Proposition 9.15. There exists K and p > such that if f E K, O Cn and 1 — 
Ci {TZf ) > A for some A € (0, 1) (not depending on f ), then 

M < M < ^. |a.c'l < 

for-k G {scy,tr}. 

Proof. Let us first consider dg^ , that is deformations in the direction of (pa- . Since 
ipcr is pure we can use ( 39 1 to compute 

(58) 9,>,(x)x-a;(l-x). 
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From ( 46 1 we get 



ds^P = - 



and ds^q 



so the first thing to do is to calculate the partial derivatives of $ and ^. 
Let X ^ U, then 

= D{f^ o O>,(0))(O<,(^)(x)) • a,>4O<,(0)(a;)). 



(59) 



Note that we have used that /i does not depend on So- ■ From ( 58 ) we thus get that 

< K' ■ D^{x){l ~ x) < Ke. 
Let X G V and let Xi — /q o %l^{x). As in the proof of Proposition 9.8 we have 

6-1 



From (58) we get 

\dsJo{x;-i)\ - \D{OyM){0<M°Qo{x^-l))■^s„{0<„{^)oQ^{x,^^))\ 
< K\x,\. 

Using the same estimate as in the proof of Proposition |9.8| this shows that 

(60) \ds^-i'{x)\ < K'{1 - xb) + ©(foe^-i/") = ©(fei^i/"). 

We can now argue as in the proof of Proposition |9.8| to find bounds on dg^* for 
* £ {u' , v' , c'}. From Lemma 9.6 we get 



\U\ ' D^{Q{p)) ' DJ-+^{p)-l^ \U\ D^^-^q)) 

l-v' ds^^{Q{q)) Df+Kq) v' d,^^{^-\p))-ds„p 

\V\ ' D^{Q{q)) ' Dfb+^{q)~l^ \V\ D^{^-^{p)) ' 



Df+Hq)-1 



Df-+^{p)-l 



Use that D(l) x \C\/\U\, x \ C\/\V\, Df'+^ip) x a/c' and Df+'^{q) x a/e' 
(see the proof of Proposition 9.12[ ) to finish the estimates for Q^^u', andds^c'. 
Note that fee'" — > for any r > so it is clear from ( 59 ) and ( 60 1 that we can find 
a p > such that \ds,^ < KeP and ja^^*] < KeP. 

In order to find bounds for ★ G we argue as in the proof of Proposi- 

tion 9.13 The last two terms from Lemma 9.7 are slightly different (when nonzero). 



In this case they are given by 

DMy) DMx) 



Using (58) we can calculate this difference. For jso-l ^ 1 it is close to y — x which 
turns out to be negligible. All other details are exactly like the proof of Proposi- 
tion [9lI3 
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The estimates for dt^ are handled similarly. The only difference is the estimates 
of the partial derivatives of $ and ^E*. These can be determined by arguing as in 
the above and the proof of Proposition |9.8| which results in 

(61) \dtMx)\< Ke^-^''^ and \dt^-^{y)\ < Kae, 

for X £ U and y (li V. The remaining estimates are handled identically to the 
above. □ 

10. Invariant cone field 

A standard way of showing hyperbolicity of a linear map is to find an invariant 
cone field with expansion inside the cones and contraction in the complement of the 
cones. In this section we show that the derivative of the renormalization operator 
has an invariant cone field and that it expands these cones. However, our estimates 
on the derivative are not sufficient to prove contraction in the complement of the 
cones so we cannot conclude that the derivative is hyperbolic. The results in this 
section are used in Section [TT] to study the structure of the parameter plane and in 
Section [12] to construct unstable manifolds in the limit set of renormalization. 

Let 

H{f,^) = {{x,y) I ||y|| <^||x||} 
denote the standard horizontal K-cone on the tangent space at /. Recall that we 
decompose the tangent space into a two-dimensional subspace with coordinate x 
and a codimension two subspace with coordinate y. The x-coordinate corresponds 
to the (u, 'y)-subspace in C. We use the max-norm so if z = {x,y) then = 
max{|la::||, |ly||}. 

Proposition 10.1. Assume f € JCCi Ln and 1 — cf{TZf) > A for some X G (0, 1) 
(not depending on f). Define 

M M 
\uy\v\ 

It is possible to choose K^, (not depending on f) such that if k < K^f), then 

Dnj{H{f,K)) c H{nf,K~{nf)) , 

for bo large enough. In particular, the cone field f i— > 1) is mapped strictly 

into itself by DTZ. 

Remark 10.2. Note that as bo increases, k~ ^ and f oo- Thus a fatter and 
fatter cone is mapped into a thinner and thinner cone. In particular, the invariant 
subspaces inside the thin cone and the complement of the fat cone eventually line 
up with the coordinate axes. 



{f) = K max{e, Dist 0, Dist ?A} and K^{f ) = K^xmn 



Proof. Assume |jy|| < K||a;|j. Let z' = Mz, where M ~ DTZj as in (41 1, z' — [x' , y') 
and z = {x, y). Then 

llx'll ^ |||Mix||-||Af2||||;y||| ^ |||Afi^||-.c||Af2||| 



lly'li - ||M3x|| + ||M4||||y|| - ||Af3^||+A^p.f4|| 

We are interested in a lower bound on ||a;'||/||?/'|| so this shows that we need to 
minimize 

\\\M,x\\ ~ n\\Mn\\\ 



ON THE HYPERBOLICITY OF LORENZ RENORMALIZATION 



49 



subject to the constraint = max{|xi|, \x2\} — 1- We can write Mi on the form 



mil 



-""l 1 m2i 




where the entries niij are positive, bounded, and ma > 1, by Proposition 9.8 
Furthermore, by Theorem |9.2| we know that 



|M3x|| < Kp 



\u\ \V\ 



Hence, if |a;i| = 1, then 



1-nf|^r f I "111 mi252| I ™21 "12252 |\ k- 1 1 A,f II 

and if \x2\ = 1, then 

™„Y / 1 zsiiii _ irna I \ m21x1 "122 1 T .--iiAf-. H 

5l2;j > 7— -^^ g2[xi) 

Kp'[^jjl + ji^^)+K\\AU\\ 

Thus we are interested in minimizing gi{t) for i — 1,2 and i G [0,1] (note that 
9i{—t) > gi{t) for t G [0, 1] so we do not need to consider negative t). 

The maps gi are piecewise Mobius maps (which are also nonsingular) ; in par- 
ticular, they are piecewise monotone so any minimum is assumed at 0, 1, or at a 
boundary of monotonicity. A boundary of monotonicity can only occur when the 
two terms inside the max term in the numerator are equal. By solving the equations 

mil _ 'm-i2t _ f 77121 'm22t\ 

we see that gi has (at most) two points, i_ and t+, where it is not monotone on 
any neighborhood. These points are 

|y|mii-TO2i , ^ IV'I mil + TO21 

t_ = 7777 and t+ = T— . 

|(7|mi2-m22 mi2 -I- TO22 

From similar considerations we see that g2 has (at most) two points where it is not 
monotone on any neighborhood, namely tZ^ and i^^. Note that wc say "at most" 
here since we do not know if t± e [0, 1] or if e [0, 1], nor will it turn out to 
matter. 

Thus, to minimize g{x) we only have to find the minimum of 51 (0), 52(0)1 5i(l) = 
52(1), gi{i±) and g2{t^)- We will calculate these values one at a time. 
Consider 51 (0) first. From Theorem 9.2 we get thatp^ 



IIM2II < Ki/\C\ and \\M4 < K2P' /\C\, 

and hence 

max{mii,m2i}-K||M2|||C/l 1~kKi\U\/\C\ 
5l(0) = r^„, , .,.11.^ II I, n ^ 



Kp' + K\\M4\U\ - Kp' + kK2p'\U\/\C[ 



^^This is the only place where the condition on c^(7^/) is used. It is necessary to get the p' 
term in the bound on ||M4||. 
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In the inequality we used the fact that mn > 1. Hence 
\C\ ^ 1 



(62) 



K < 



2Ki\U\ 



5i(0) > ^ 



Consider 52(0): 



max{TOi2,m22} - K||M2|||y| 1 
92['-J) — ^— > 



p' i2K + K2/Ki) 

^Ki\V\/\C\ 



Kp' + k\\M4\V\ - Kp' + kK2p'\V\I\C\ ■ 

In the inequahty we used Theorem 9.2 and the fact that rn22 > 1- Hence 
\C\ ^ 1 



(63) 



K < 



2Ki\V\ 



.92(0) > - 



p'i2K + K2/Ki) 



Consider gi{t±): 
9i{t±) = 



mil 


-^^ mi2±m22 


-k\\M2\\\U\ 


Kp' 




mii±m2i 
mi2±in22 




+ ,i\\M4\U\ 



\m11m22 - TOl2n^2l| - «||-^2|||t^||"Zi2 ± m22| 

Kp' (|mii ± m2i| + |toi2 ± m22|) + k|1M4|| |[/| |rnii ± m2i| ' 



There exists v such that '^niij < v and by Corohary 9.10 there exists p> Q such 
that miim22 — W12TO21 > /i, so 

PL - KvKi\U\/\C\ 
Kp'v^ KvK2p'\U\/\Cy 
where we once again have used Theorem |9.2[ Hence 
p\C\ 



> 



(64) 



K < 



2Kiv\U\ 



1 





( 2Kv 




p' 







(65) 



An almost identical calculation for g2[^±) results in: 

P\G\ 1 



K < 



2Kiv\V\ 
Finally, consider 51 (1): 



92{t±') > 



max • 



1 "111 


"112 1 


1 "121 


"122 1 


1 \u\ 


\v\ \ 


1 \u\ 


\v\ \ 



2KiJ I K2 
u + Kl 



}-'^||M2|l 



\u\ ' \v\ 



k\\Ma 



We need to minimize the numerator, so introduce a variable s and assume that 

s e M. 

Let H(s) = max{/ii(s), /i2(s)}, where 

777,1 T , 

s-ll 



mil _ mi2 

\u\ -'\v\' 



hii-s) 
h2{s) 



mil 


mi2 


■mi2 


\u\ 


\v\ 


~ \v\ 


m2i 


m22 


1 


\u\ 


\v\ 





TO12TO21 



mil 



m22 



The equation H{s) — has two solutions: Si = 1 and S2 — mii'm22 / {mi2m2i) ■ 
Note that hi is decreasing to the left of Si and increasing to the right of Si, for 
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i — 1,2. Also, si < S2 by Corollary 9.10 so H{s) assumes its minimum at s^, where 
Si, is defined by hi(.Si,) = ft.2('S*) and si < < S2- Solving this equation gives 

_ ?^ll("T-12 + m22) 

mi2(mii + m2i) ■ 

Thus 

. „/ \ TT/ \ miim22~mi2m2i 

|K 1(77111 + "72l) 

Note that we can also write hi{s) ~ 7nii|l — s^^|/|?7| and thus 

■ rr^ \ I. / \ Tniim22 - 777127^21 

mmff .s = /7i = — — — , 

|C/| (77712 +77722) 

which shows that 

H{s) > ^max{\U\-\\V\-^}. 

V 

Putting all of this together, we arrive at 

i^max{|t/rMF|-i}-«Xi/|C| 
' - Xp'2max{|{/|-Ml/|-i} + Kp'i^2/|Cr 

H6I1C6 

.<^iW™!} ^ ..(!)> , ^ . 



From (|62|, (|63|), (jM]), (165|) and (|66|) we get that, if ||7y|| < K||a;|| and 

min{l,MM 

then 

\\y'\\ < \\x'\\p'{2Kmax{l,2i^/fi} + K2/Ki). □ 

Proposition 10.3. Let f e K. D In and 1 - c^{TZf ) > A for some A € (0, 1) (not 
depending on f). Then DTZ is strongly expanding on the cone field f H(f, 1). 
Specifically, there exists k > ( not depending on f) .such that 

\\DTZfz\\ > k ■ mm{\U\-\ \V\-'} ■ ||z||, Vz G i?(/, 1) \ {0}. 
Proof. Use Corollary |9.11| to get 

\\Mz\\ > \\Mix + M2y\\ > |A;.min{|C/|-MF|-i}- IIM2III • 
Now use the fact that ||z|| = ||a;|| for z £ H{f, 1) to finish the proof. □ 

11. Archipelagos in the parameter plane 



The term archipelago was introduced by Martens and de Melo 2001 to describe 
the structure of the domains of renormalizability in the parameter plane for families 
of Lorenz maps. In this section we show how the information we have on the 
derivative of the renormalization operator can be used to prove that the structure 
of archipelagos must be very rigid. 

Fix c*, -0* and let F : [0, 1]^ — ^ £ denote the associated family of Lorenz 
maps 

{u, v) = Xt-?' F\ = {u, u, c*, 0*, -0*). 
We will assume that Fx E K, D Cf^ (see Definition 4.1 ) and that has been fixed 
(and is large enough). 
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Definition 11.1. An archipelago C [0, 1]^ of type w G is tlie set of A such 
that F\ is w-renormahzable. An island of is a connected component of the 
interior of A^^ . 

For the family A i-^ F\ we have the following very strong structure theorem for 



archipelagos [this should be contrasted with Martens and de Melo 2001 . Note that 
c* , (ps, and ip^, are arbitrary, so the results in this section holds for any family such 
that Fx e /C n 

Theorem 11.2. For every w e there exists a unique island I such that the 
archipelago Ai^ equals the closure of I . Furthermore, I is diffeomorphic to a square. 

Remark 11.3. This theorem shows that the structure oi A^ is very rigid. Note that 
the structure of archipelagos is much more complicated in general. There may be 
multiple islands, islands need not be square, there may be isolated points, etc. 

Theorem 11.4. For every u) G 57^ there exists a unique A such that F\ has com- 
binatorial type u). The set of all such X is a Cantor set. 

The family F\ is monotone, by which we mean that u i— > f („ (x) is strictly 
increasing for x € (0, c*), and v M- F(„ „)(x) is strictly decreasing for x G (c*,l). 
As a consequence, if we let 

M^u,v)^{i^^y)\^'^'^^y M^u^,^,)={ix,y)\x<u,y>v}, 

then 

fieM+ =^ F^{x)>Fx{x) and ^l £ =^ F^{x) < Fx{x), 

for all X € (0, 1) \ {c}. In other words, deformations in moves both branches 
up, deformations in moves both branches down. This simple observation is 
key to analyzing the structure of archipelagos. 

Definition 11.5. Let Trg : K'^ — >■ be the projection which takes the rectangle 
[c, 1] X [1 - c, 1] X {c} onto S = [1/2, 1]^ 

and let H be the map which takes (u, u, c, 0, ip) to the height of its branches (c is 
kept around because TTg needs it) 

H(u, V, c, 0, ip) = iPiu), 1 - ^'(l - v),c). 

Now define i? : -> 5" by 

i?(A) =TTso H on{Fx). 

Remark 11.6. The action of R can be understood by looking at Figure |8] The 
boundary of an island / is mapped into the boundary of the wedge W by the map Ho 
TZ. The four boundary pieces of the wedge correspond to when the renormalization 
has at least one full or trivial branch. Note that the image of dl in dW will not 
in general lie in a plane, instead it will be bent around somewhat. For this reason 
we project down to the square S via the projection tts. This gives us the final 
operator R : A^ S. 

Proposition 11.7. Let I C A^^ be an island. Then R is an orientation-preserving 
diffeomorphism that takes the closure of I onto S. 
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HoUoG 




Figure 8. Illustration of the action of TZ on the family F\. The 
dark gray island is mapped onto a set which is wrapped around 
the wedge W. That is, the boundary of the island is mapped 
into the boundary of W with nonzero degree. Note that in this 
illustration we project the image of TZ to via the map H. The 
maps H and G convert between critical values {c^ , c^) and {u, v)- 



parameters. 



Exphcitly G{ci , 1 







Remark 11.8. This already shows that the structure of archipelagos is very rigid. 
First of all every island is full, but there are also exactly one of each type of 
extremal points, and exactly one of each type of vertex. In other words, there 
are no degenerate islands of any type! Extremal points and vertices are defined in 
Martens and de Melo 2001 , see also the caption of Figure |9] 



Proof. By definition R maps / into S and dl into dS. We claim that DRx is 
orientation-preserving for every A € cl/j^ Assume that the claim holds (we will 
prove this soon). 

We contend that R maps cl / onto S. If not, then R{dl) must be strictly con- 
tained in dS, since the boundaries are homeomorphic to the circle and R is con- 
tinuous. But then DR\ must be singular for some \ £ dl which contradicts the 
claim. 

Hence R : cll ^ S maps a simply connected domain onto a simply connected 
domain, and DR is a local isomorphism. Thus R is in fact a diffeomorphism. 
We now prove the claim. A computation gives 

'(2(l-c))-i 
(2c)- 



DTTs{x,y,c) 
and 



-D-ff(«,t>,c,</.,^) = I ^'(l 



★ 



The top-left 2x2 matrix is orientation-preserving in both cases and the same is 
true for DTZ by Corollary |9.10| Thus DRx is orientation-preserving. □ 



The notation DRx is used to denote the derivative of R at the point A. 
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(1,1) 




(0-i(c.),i-"^7'"(c;)j 



Figure 9. Illustration of a full island for the family Fx- The 
boundary corresponds to when at least one branch of the renor- 
malization TZF\ is either full or trivial. The top right and bottom 
left corners are extremal points; the top left and bottom right cor- 
ners are vertices. 



Lemma 11.9. Assume f™{c^) = c = /"(cf) for some m,n > 0. Let {l,c) 
and {c,r) be branches of and f", respectively. Then f'^{l) < I and f^{r) > r. 
In particular, f is renormalizable to a map with trivial branches. 

Proof. In order to reach a contradiction we assume that /"*(/) > I. Then f^^{l) t x 
for some point a; e (Z,c] as i — >■ oo, since /'"(cj") = c. Since I is the left endpoint 
of a branch there exists t such that f*{l) = . Hence /™~*(c^) = / so the orbit of 
Ci contains the orbit of I. But the orbit of was periodic by assumption which 
contradicts /*™(0 t x. Hence /"(O < I. 

Now repeat this argument for r to complete the proof. □ 

Definition 11.10. Define 

7tH, = {A e [0, If I Fl+\c:) = c* and Fi{c:) > c., i = 1, . . . , a}, 
7+iv = {A e [0, If I Fl+\ct) = c, and Fi{ct) < c.,i = 1, . . . ,b}. 

(The notation here is g{c~) = lima;-|-c, g{x) and g{c^) = lima;4.c, 9{x).) 

Lemma 11.11. The set 7^";^ is the image of a curve v {g{v), v). The map g is 

differentiable and takes [1 — '0~^(c*), 1] into [(/'"^(c*), 1). 

Similarly, 7^^;^ is the image of a curve u 1— >■ {u, h{uj) where h is differentiable 
and takes [^^^{0^,), 1] into [1 — V'^^(c*), 1). 

Proof. Define 

5(v) = C'°(V'*°Qi)"''(c*) and h{u) = l-i;-^o{cl,,oQo)-\c,). 

Note that Qi depends on v and Qo depends on u so 5 and h are well-defined maps. 
It can now be checked that these maps define 7^^;^ and 7^^!;^. □ 

Lemma 11.12. Assume that 7^;^ crosses 7^;^ and let X G 7^";^ n J^j.^^. Then the 
crossing is transversal and there exists p > such that ifr<p, then the complement 
0/7^";^ U7j^;^ inside the ball -Br (A) consists of four components and exactly one of 
these components is contained in the archipelago A^^. 
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Figure 10. Illustration of the proof of Theorem |11.2| Both A 
and /i must be in the boundary of islands, which lie inside the 
shaded areas. These two islands have opposite orientation which 
is impossible. 



Proof. To begin with assume that the crossing is transversal so that the complement 
of 7j~i^U7^;y in Br{X) automatically consists of four components for r small enough. 
Note that 7^";^ U 7^;^ does not intersect U \ {A}. Hence, precisely one 
component will have a boundary point /i € 7^";^ such that 7^"^;^ intersects M+. 
Denote this component by N. Note that if we move from /i inside N n then 
the left critical value of the return map moves above the diagonal. If we move in 
N n from a point in j^^^^ then the right critical value of the return map moves 
below the diagonal. 

By Lemma [11. 9| _Fx is renormalizable and moreover the periodic points p\ and q\ 
that define the return interval of Fx are hyperbolic repelling by the minimum prin- 
ciple. Hence, if we deform Fa into N it will still be renormalizable since N consists 
of /i such that F^~^-^{c~) is above the diagonal and Fll'^^{c'^) is below the diagonal. 
By choosing r small enough all of N will be contained in A^. 

Note that if we deform into any other component (other than TV) then at least 
one of the critical values of the return map will be on the wrong side of the diagonal 
and hence the corresponding map is not renormalizable. Thus only the component 
N intersects A^. 

Now assume that the crossing is not transversal. Then we may pick A in the 
intersection 7^";^ n 7^;^ so that it is on the boundary of an island (by the above 
argument). But then A must be at a transversal intersection since islands are square 
by Proposition |ll.7| and the curves 7^";^ and 7^;^ are differentiable. Hence every 
crossing is transversal. □ 



Proof of Theorem \11-S\ From Proposition |11.7| we know that every island must 
contain an extremal point which renormalizes to a map with only trivial branches, 
and hence every island must be adjacent to a crossing between the curves 7^";^ 
and 7t^jy. We claim that there can be only one such crossing and hence uniqueness 
of islands follo ws. No te that there is always at least one island by Proposition |6.6| 



By Lemma 11.11 7^"^;^ and 7^^;^ terminate in the upper and right boundary of 
[0,1]^, respectively. Let A be the crossing nearest the points of termination in these 
boundaries. Let E be the component in the complement of 7^";^ U 7^"^;^ in [0, 1]^ 
that contains the point (1, 1). The geometrical configuration of 7^";^ and 7^;^ is 
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such that E must contain the piece of adjacent to A as in Lemma [11.12| To see 
this use the fact that deformations in the cones moves both branches of Fx up. 

In order to reach a contradict ion assume that there exists another crossing fi 
between 7^^;^ and 7^^;^ (see Figure 10). By Lemma 11.12 there is an island attached 
to this crossing but the configuration of 7^^;^ a-nd 7^^~at /i is such that this island 
is oriented opposite to the island inside E. But R is orientation-preserving so both 
islands must be oriented the same way and hence we reach a contradiction. The 



7tr 



conclusion is that there can be no more than one crossing between 7^";^ and 
as claimed. 

Finally, the entire archipelago equals the closure of the island since the derivative 
of R is nonsingular at every point in the archipelago. Hence every point in the 
archipelago must either be contained in an island or on the boundary of an island. 

□ 



By Theorem 11.2 there exists a unique sequence of nested 



Proof of Theorem 11. 4 
square^ 

hD I2^ h^ ■■■ 

such that X € Ik implies that Fx is renormalizable of type {ujq, . . . , ujk-i)- 

Let F : [0, 1]^ — )■ £ be the map A i-)- Fx, let p : £ — > [0, 1]^ be the projection 
{u,v,c,4>,ip) i-> {u,v), and let Gk h ^ [0, 1]^ be defined hy Gk — p o TZ^ o F. 
The set of tangent vectors v to F{Ik) are all horizontal, so the image of v under 
DTZ is in a horizontal cone with a very small angle by Proposition |10.1[ This 
cone is invariant under DTZ by the same proposition and furthermore it is strongly 
expanded by Proposition 10. SP*^ Proposition 4.5 shows that K, is relatively compact 
so there are uniform bounds on \U\ and \V\ and hence Proposition 10.3 shows that 
there exists n > 1 such that 

Ili^Gfell >/i^ 

By construction Gk{Ik) C [0, 1]^ so the image is bounded, which together with the 
lower bound on HZJGfcH shows that the diameter of Ik shrinks at an exponential rate. 
In particular H^fe is a point. That the union of all such points is a Cantor set is a 
standard argument (using that each type uj G fl^ has a unique associated sequence 
of squares {Ik} aud that each such sequence shrinks at a uniform exponential rate). 

□ 



12. Unstable manifolds 

The norm used on the tangent space does not give good enough estimates to see a 
contracting subspace so we cannot quite prove that the limit set of TZ is hyperbolic. 
However, these estimates did give an expanding invariant cone field and in this 
section we will show how this gives us unstable manifolds at each point of the limit 
set. 

Instead of trying to appeal to the stable and unstable manifold theorem for 
dominated splittings to get local unstable manifolds we directly construct global 
unstable manifolds by using all the information we have about the renormalization 
operator and its derivative. This is done by defining a graph transform and showing 



By a square we mean any set difleomorphic to the unit square. 
^"^Notc that C can be embedded in C by sending (p and ip to singleton decompositions, which is 
how we can apply the propositions from Section |lO| even though they are stated for decomposed 
Lorenz maps. 
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that it contracts some suitable metric similarly to the Hadamard proof of the stable 
and unstable manifold theorem. We are only able to show that the resulting graphs 
are since we do not have hyperbolicity. Our proof is an adaptation of the proof 



of Theorem 6.2.8 in Katok and Hasselblatt 1995 . 



Definition 12.1. Let An be as in Definition |8.9| and define the limit set of renor- 
malization for types in D, by 

An^AnnCn^. 

Remark 12.2. Here Cqk denotes the set of infinitely renormalizable maps with 
combinatorial type in fi^ and An can intuitively be thought of as the attractor for 
TZ. The set il is the same as in Section |4j as always. 



Note that by Proposition 8.11| 

Ao C [0,1]2 X (0,1) X 



where Q denotes the set of pure decompositions, see Definition 7.14 



Theorem 12.3. For every f — (u, z;, c, 0, "0) S Aji there exists a unique global 
unstable manifold W" (/) . The unstable manifold is a graph 

W''(/) = {(e,^(0) Ue/}, 

where (t : / — )• (0, 1) x is K-Lipschitz for some k <^ 1 (not depending on f). The 
domain / C is essentially given by 

TT {n{C^) n ([0, 1]2 X {c} X {0} X {^})) , 

where tt is the projection onto the (u^v) -plane, and lo is defined by f being in the 
image TZ{Cui) ■ Additionally, is . 

Remark 12.4. Note that in stark contrast to the situation in the 'regular' stable 
and unstable manifold theorem we get global unstable manifolds which are graphs 
and that these are almost completely straight due to the Lipschitz constant being 
very small. The statement about the domain / is basically that / is "as large as 
possible." This will be elaborated on in the proof. 

Another thing to note is that we cannot say anything about the uniqueness of 
/ G Aq for a given combinatorics. That is, given 

U! = (...,a;_i,a;o,a;i,...) 

we cannot prove that there exists a unique / S An realizing this combinatorics. 
Instead we see a foliation of the set of maps with type w by unstable manifolds. If 
we had a hyperbolic structure on Af^ this problem would go away. 

Theorem 12.5. Let f e An and let ui e . Then yV"(/) intersects the set of 
infinitely renormalizable maps of combinatorial type u) in a unique point, and the 
union of all such points over a) € fi^ is a Cantor set. 



Proof. Theorem 12.3 shows that the unstable manifolds are straight (see the above 



remark) and hence Lemma 12.6 enables us to apply the same arguments as in 



Theorem [HI □ 

Lemma 12.6. There exists k close to 1 such that if j : [0,1]^ -> (0,1) x is 
K-Lipschitz and graph 7 C IC, then C^^ D graph 7 is diffeomorphic to a square, for 
every w G fJ. 



58 



MARCO MARTENS AND BJORN WINCKLER 



Proof. By Theorem 11.2 the set Ci^ n/C is a tube for every u € fl (by tube we mean 
that the set is difTeomorphic to [0, 1]^ x X for some set X). Take a tangent vector 
at a point in d{TZC^) D K,. Such a tangent wiU he in the complement of a cone 
= {\\y\\ < '^ll^^ll} for K < 1 close to 1, since the projection of the image of a 
tube to the (m, u, c)-subspace will look like a slightly deformed cut-off part of the 
wedge in Figure |8] and the maximum angle of a tangent vector in the boundary of 



the wedge is exactly 1. By Proposition 10.1 DTZ maps the complement of i/^ 



into itself and hence every tube "lies in the complement of . That is, a tangent 
vector at a point in the boundary of a tube lies in the complement of i/^, so the 
tubes cut the (u,w)-plane at an angle which is smaller than 1/k. 

Now if we choose n as above, then the graph of 7 will also intersect every tube 
on an angle. Hence the intersection is diffeomorphic to a square. The main point 
here is that with k chosen properly, 7 cannot 'fold over' a tube and in such a way 
create an intersection which is not simply connected. □ 

Proof of Theorem \12.3\ The proof is divided into three steps: (I) definition of the 
graph transform T, (2) showing that F is a contraction, (3) proof of -smoothness 
of the unstable manifold. 



Step 1. From Lemma 4.7 we know that the parameters u and v for any map in 
JC are uniformly close to 1 so there exists /i ^ 1 such that if we define the 'block' 

B=[l-^Ji,lf X (0,1) X Q^n^, 

then LnC\K ^ B, 1 - n > 0"^(c) and ^ > ■0~^(c) for ah {u,v,c,(l),'ip) G 0(B). 
In other words, the block B is defined so that it contains all maps in K, which are 
renormalizable of type in f2 and the square [1 — /i, l]'^ is contained in the projection 
of the image TZ{£n n K.) onto the (u, w)-plane. 

Fix /o G An and k G {k~,1), where k~ is the supremum of n~{f) defined in 
Proposition |10.1| and k, is small enough so that Lemma |12.6| applies. Associated 
with /o are two bi-infinite sequences {wijigz and {/i}iez such that TZ^.fi = fi+i 
for all i & 1. Now define Qi, the "unstable graphs centered on fi" as the set 
of K-Lipschitz maps 7^ : [1 — A*: 1]^ ^ (Oil) & such that graph 7^ C B and 
iMi) = {ci,(t>iii^t), where fi = {^i,Ci,(j)i,i)i). 

Let Q — Y\iGi- We will now define a metric on Q. Let 

ai{ii,9^)= sup — — , li,0,egi, 

and define 

^(7,6*) = supdi(7i,6'i), j,0eg. 

This metric turns {Q, d) into a complete metric space. Note that it is not enough 
to simply use a C^-metric since we do not have a contracting subspace of DTZ. The 
denominator in the definition of di is thus necessary to turn the graph transform 
into a contraction. 

We can now define the graph transform F : — > for /q. Let 7^ G Qi and define 
to be the 7-^^ G Gi+i such that 

graph 7-+1 = (graph 7^ n J n B. 



Let us discuss why this is a well-defined map F^ : Qi — ?> Gi+i. Lemma 12.6 shows 



that 7?.tj. (graph 7i n is the graph of some map / C M'^ — > (0, 1) x where / 
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is simply connected. That / D [1 — /i, 1]^ is a consequence of how B was chosen. 
Finally, this map is K-Lipschitz by Proposition |10.l"| 

Actually, we have cheated a little bit here since Proposition |10.1| is stated for 
maps satisfying the extra condition 

l-c+(7^/)>A, 

for some A G (0, 1) not depending on / e Aq. In defining the graph transform 
we should intersect C^- with the set defined by this condition before mapping it 
forward by TZ^Ji ■ Otherwise we do not have enough information to deduce that the 
entire image is K-Lipschitz as well. However, this problem is artificial. We are free 
to choose the constant A as close to as we like and we would still get the invariant 
cone field (although bo may need to be increased). All this means is that domain / 
of the theorem is slightly smaller than it should be (we have to cut out a small part 
of the graph where v is very close to but v is still allowed to range all the way up 
to 1 so this amounts to a very small part of the domain). This is one reason why 
we say that "/ is essentially given by ... " in the statement of the theorem. The 
other reason is that the intersection with TZ{C^) should be taken with a surface 
with a small angle and not a surface which is parallel to the {u, t;)-plane. 
The graph transform is now defined by 

r(7) - {r.(70},gz, i^Hhezeg. 

We claim that T is a contraction on (Q, d) and hence the contraction mapping 
theorem implies that F has a unique fixed point 7* G 5. The global unstable 
manifolds along {fi\ are then given by 

W"(/.+i) =graphF,(7*), £ Z. 

In particular, this proves existence and uniqueness of the global unstable manifold 
at /q. That these are the global unstable manifolds is a consequence oi CQ,r\lC C B. 
Furthermore, the Lipschitz constant for these graphs is much smaller than 1 since 
we can pick n close to k~. Again, we are cheating a little bit here since we have to 
cut out a small part of the domain of the graph as discussed above. 

Step 2. We now prove that F is a contraction. The focus will be on F^ for 
now and to avoid clutter we will drop subscripts on elements of Qi and Gi+i- Pick 
1,0 and let 7' = F,(7) and 6' = T,{e). Note that 7', 9' e g^+i. 

We write 

7^/ = (A(e,r7),B(e,ry)), 

where / = (C,ry), ^ e ^j^^j A[^,-q) e M^^ Fet A^(^) = ^(C,7(?)) and similarly 
^■yiO — ^i^jliO)- With this notation the action of P.; is given by 

(c,7(c))^(A(0,B7(e)) = (e',7'(n)- 



Hence 



-/ ar.^..,,J\yiC)-0'iC)\\ _ \h'oA,{0-0'oA.M\ 



di+i{i', 9') = sup — — — = sup 



Recall that the notation here is (6,7(?»)) = fi and (^i+i, 7'(^i+i)) = Z^+i. 
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The last numerator can be estimated by 

\h' o A,{0 - e' o A,{0\\ 

< liy o A^iO - e' o Ae{£)\\ + \\e'o - e' o Asm 
<\\B^{0 - Bg{m+ ^^U-,{^) - AeiOW 
<(|iM4||+K||Af2||) 117(0-^(011- 
The denominator can bounded by Proposition |10.3"| 

P,(0 - A,m\\ > • min{|[/r\ 1^1-1} - lie - 611- 

Thus 

(||Af4|| +K||Af2||) 



i+1 



Theorem 9.2 shows that <C 1 uniformly in the index i. Hence F is a (very strong) 
contraction. 

Step 3. Going from Lipschitz to smoothness of the unstable manifold is a 
standard argument. See for example Katok and Hasselblatt 1995 Chapter 6.2]. □ 



Appendix A. A fixed point theorem 



The following theorem is an adaptation of Granas and Dugundji 2003, Theo- 
rem 4.7]. 

Theorem A.l. Let X d Y where X is closed and Y is a normal topological space. 
If f : X ^ Y is homotopic to a map g : X ^ Y with the property that every 
extension of g\dx to X has a fixed point in X, and if the homotopy ht has no fixed 
point on dX for every t € [0, 1], then f has a fixed point in X . 

Remark A. 2. Note that the statement is such that X must have nonempty interior. 
This follows from the assumption that g has a fixed point (since it is an extension 
of g\dx) but the requirement on the homotopy implies that g has no fixed point 
on dX. 

Proof. Let Ft be the set of fixed points of ht and let F ~ [J Ft- Since g must have 
a fixed point F is nonempty. Since ht has no fixed points on dX for every t, F and 
dX are disjoint. 

We claim that F is closed. To see this, let {xn S F} be a convergent sequence, 
let X — lima;„. Note that x E X since F C X and X is closed. By definition 
there exists t„ € [0:1] such that x„ = h{xn,tn). Pick a convergent subsequence 
~^ t- Since a;„ is convergent h{xnf.,tn^) = Xn^. — > x, but at the same time 
/i(a;„j.,i„j.) h{x,t) since h is continuous. Hence h{x,t) = x, that is x & F which 
proves the claim. 

Since Y is normal and dX and F are disjoint closed sets there exists a map 
A : A — > [0,1] such that X\p = and X\ox = 1- Define g{x) — h{x;X{x)). 
Then g is an extension of glgx since if a; e dX, then g{x) — h{x, 1) = 9{x). 
Hence g has a fixed point p E X. However, p must also be a fixed point of / since 
P — 9{p) — h{p, X{p)) so that p E F and consequently p — g[p) — h{p, 0) — f[p). □ 
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Appendix B. The nonlinearity operator 

In this appendix we collect some results on the nonlinearity operator. The 
proofs are either simple calculations or can be found for example in the appen- 
dix of (Martens} [1998]. 

Definition B.l. Let C^{A; B) denote the set of k times continuously diffcrentiable 
maps f : A ^ B and let 'D''{A;B) C C'^{A;B) denote the subset of orientation- 
preserving homeomorphisms whose inverse lie in C^{B] A). 

As a notational convenience we write C^{A) instead of C^{A\ A), and instead 
of C^{A; B) if there is no need to specify A and B (and similarly for T)^). 

Definition B.2. The nonlinearity operator N : 'D^{A;B) C°(A;M) is defined 

by 

(67) N<l) = D log D(f>. 

We say that Ncj) is the nonlinearity of cj). 
Remark B.3. Note that 

Net) ^ — -. 
^ D4> 

Definition B.4. The distortion of G V^{A; B) is defined by 

T.- i , D(j){x) 

Dist(/)== sup log . 
x.yeA B)(p{y) 

Remark B.5. We think of the nonlinearity of e 'D^{A;B) as the density for the 
distortion of (/>. To understand this remark, let dfi — N<j){t)dt. Assuming N(j) is a 
positive function, then /i is a measure and 



A 



Dist 4> = \ dfi, 

since by (67) 



If Ncf) is negative, then ~N4){t) is a density. The only problem with the interpreta- 
tion of N<f> as a density occurs when it changes sign. Intuitively speaking, we can 
still think of the nonlinearity as a local density of the distortion (away from the 
zeros of Ncf)). 

Note that iV(/) does not change sign in the important special case of (f) being a 
pure map (i.e. a restriction of x"). So the (absolute value of the) nonlinearity is 
the density for the distortion of pure maps. 

Lemma B.6. The kernel of N : 'D'^{A;B) — > C°(A;M) equals the orientation- 
preserving ajfine map that takes A onto B. 

Lemma B.7. The nonlinearity operator N : T>'^{A;B) — >■ C"(A;M) is a bijection. 
In the specific case of A = B — [0, 1] the inverse is given by 

(68) j^-if^,^^ foyPiIomdt}ds _ 

lo exp{/o f{t)dt}ds 

Lemma B.8 (The chain rule for the nonlinearity operator). If (p,tp E T>^ then 

(69) N{4; o(l))^Nil)o(t)-D(j) + N(t>. 
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Definition B.9. Wc turn into a Banach space by inducing tlie usual 

linear structure and uniform norm of C'^(j4;M) via the nonlinearity operator. That 
is, we define 



(70) 
(71) 



a(j) + Pijj = [aNcj) + /3iV?/') 



sup \N4>{t)l 



for <j), ip e V^{A; B) and a, /3 € M. 
Lemma B.IO. V'^{A;B) then 



(72) 
(73) 



-|a-2;H|i^|| ^ 



D(t){x) 



1^1 



1^1 



\D^4>{x)\ < 



l) • min{0(a;), 1 - (f>{x)}, 



U-tW < -^'^('^) < „II0-V'll 



(74) 

for all x,y Cz A. 

Lemma B.ll. If(l),ipe V'^{A;B) then 
(75) |0(x)-V(a;)| < (e'll'^^'^'ll 

(76) 

for all X ^ A. 

Definition B.12. Let Cj : [0, 1] — > J be the affine orientation-preserving map 
taking [0, 1] onto an interval J . 

Define the zoom operator Z : V'^{A; B) ^^([0, 1]) by 

(77) Zc^^Q^ocpoU. 

Remark B.13. Note that if (/> e 2?(A; B), then B = (i>{A) so Z(j) only depends on 
and A (not on B). We will often write ^(0; A) instead of Z(f) in order to emphasize 
the dependence on A. 

Lemma B.14. //0 G V^iA^B) then 

(78) Z{r') = {Z4>)-\ 

(79) iV(Z</.)-|A|.iV^oa, 

(80) ||Z</)|| = |A|.||</.||. 

Appendix C. The Schwarzian derivative 

In this appendix we collect some results on the Schwarzian derivative. Proofs 
can be found in de Melo and van Strien 1993[ Chapter IV]. 

Definition C.l. The Schwarzian derivative S : V^{A; B) C°(A; M) is defined by 

(81) Sf ^D{Nf)-]-{Nf)\ 



Remark C.2. Note that 



Sf 



Df 



.Df _ 
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Lemma C.3 (The chain rule for the Schwarzian derivative). If f,g € , then 

(82) S{fog) = Sfog.{Dg)^ + Sg. 

Lemma C.4 (Koebe Lemma). If f G V^{{a,b);R) and Sf > 0, then 

(83) |iV/(:r)| <2 - [min{|x-a|,|a;-6|}]"\ 

Corollary C.5. Let r > and let f € T>^{A;B). If f extends to a map F e 
T>^{I; J) with SF < and if J\B has two components, each having length at least 
t\B\, then 

\\Zf\\<e'/^-2/T. 
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